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Abstract 

We solve the Killing spinor equations of supersymmetric IIB backgrounds which 
admit one supersymmetry and the Killing spinor has stability subgroup G2 in 
Spin(9, 1) x U(l). We find that such backgrounds admit a time-like Killing vector 
field and the geometric structure of the spacetime reduces from Spin(9, 1) x U(l) 
to GV We determine the type of G2 structure that the spacetime admits by 
computing the covariant derivatives of the spacetime forms associated with the 
Killing spinor bilinear s. 

We also solve the Killing spinor equations of backgrounds with two super- 
symmetries and Spin(7) x M 8 -invariant spinors, and four supersymmetries with 
SU(4) x M 8 - and with (^-invariant spinors. We show that the Killing spinor equa- 
tions factorize in two sets, one involving the geometry and the five-form flux, and 
the other the three-form flux and the scalars. In the Spin(7) x M 8 and SU(4) x M 8 
cases, the spacetime admits a parallel null vector field and so the spacetime metric 
can be locally described in terms of Penrose coordinates adapted to the associated 
rotation free, null, geodesic congruence. The transverse space of the congruence is 
a Spin{7) and a SU{4) holonomy manifold, respectively. In the G2 case, all the 
fluxes vanish and the spacetime is the product of a three-dimensional Minkowski 
space with a holonomy G2 manifold. 



1 Introduction 



In the last few years there has been some progress towards a systematic understanding 
of supersymmetric solutions of IIB supergravity. The maximal supersymmetric solutions 
of IIB supergravity have been classified in pQ. It has been found that they are locally 
isometric to Minkowski space, AdS^ x S* 5 j2j and the maximal supersymmetric plane 
wave More recently, it has been found that there are three types of supersymmetric 
IIB backgrounds with one supersymmetry characterized by the stability subgroup of 
the Killing spinor in Spin(9, 1) x U(l) 4|. These stability subgroups are Spin(7) x M 8 , 
SU(4) ix M 8 and G^- The Killing spinor equations of IIB supergravity have been solved for 
the Spin(7) x M 8 - and SU{4) x R 8 -invariant Killing spinors j3] using a method proposed 
in 0. Some progress has also been made using the G-structures method [Hj. 

The main aim of this paper is to solve the Killing spinor equations of IIB supergravity 
for supersymmetric backgrounds that admit a (^-invariant Killing spinor. This result 
together with those in jl] complete the task of solving the Killing spinor equations for IIB 
backgrounds with one supersymmetry. To achieve this, we follow the steps suggested in 
First, we describe the spinors in terms of forms, and we use the gauge symmetry of 
the Killing spinor equations to bring the Killing spinor into a canonical or normal form. 
Then the Killing spinor equations are solved by utilizing a basis in the space of spinors 
given in see also appendix A. It has been shown in that the Spin(9, 1) x U(l) 
gauge group of the IIB Killing spinor equations can be used to bring the (^-invariant 
Killing spinor in the canonical form 

e = /(l + e^) - ig(eiB + e 2 34s) , (1.1) 

where f,g are real functions of the spacetime 1 . 

The bosonic fields of IIB supergravity are the spacetime metric, two real scalars, the 
axion a and the dilaton <f), which are combined into a complex one-form field strength P, 
two three-form field strengths G\ and G<i which are combined to a complex three-form 
field strength G, and a self-dual five-form field strength F. Substituting the spinor (jl.lj) 
into the Killing spinor equations of IIB supergravity and expanding the result in the 
spinor basis given in appendix A, we derive a linear system for the fluxes, geometry 
and spacetime derivatives of the functions f,g which determine the Killing spinor. It 
turns out that it is convenient to solve first this linear system for the complex field 
strengths G and P. The remaining equations are conditions on the self-dual five-form 
field strength F, the geometry as represented by the Levi-Civita connection Q and the 
spacetime derivatives of /, g. These equations are also solved to express F in terms of the 
geometry. After this is achieved, there are some remaining equations which contain only 
the Levi-Civita connection Q and the spacetime derivatives of /, g. These equations are 
interpreted as the restrictions on the geometry of the spacetime imposed by the Killing 
spinor equations and describe the geometry of the spacetime of a background that admits 
a G 2 -invariant Killing spinor. 

1 This spinor can be simplified somewhat using the spinor transformation e br ° 5 which for an appro- 
priate choice of b one can set f 2 = g 2 . However this choice does not lead to a substantial simplification 
of the computation. 
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We investigate the geometric conditions that arise from the Killing spinor equations 
of IIB backgrounds with Killing spinor Ijl.lj) . In particular, we compute the spacetime 
form bi-linears of the Killing spinor e and e = C * e, where C is the charge conjugation 
matrix. We find that the spacetime admits a timelike one-form, and two spacelike one- 
forms appropriately twisted with L 2 , where L is the line bundle 2 of the axion-dilaton 
system of IIB supergravity. The spacetime also admits a GVinvariant three-form and 
so a (geometric) GVstructure. We identify the type of the G^-structure of the spacetime 
by computing the covariant derivative of the spacetime form spinor bilinears mentioned 
above and we organize the geometric conditions in terms of G 2 representations. It turns 
out that the geometry is characterized by five conditions, three of which are conditions 
on the three one-forms. The other two are restrictions on the G^-invariant three-form 
<p. One of the conditions implies that the timelike one-form is associated to a Killing 
vector field X. In addition one of the conditions on <fr expresses the singlet of dtp in the 
decomposition of A 4 (R 7 ) = A\(R 7 ) © A^R 7 ) © A^R 7 ) under G 2 in terms of derivatives 
of the one-forms and so resembles the condition of a weak or nearly parallel G^-structure. 
However, this G^-structure arises from a reduction of Spin(9, 1) x U(l) to G 2 rather than 
the 'standard' reduction of Spin{7) to G2 which has been investigated in p], see also 
[HIE]- The other condition on <fi implies that the seven-dimensional part of Cx4>, in the 
decomposition A 3 (M 7 ) = A^R 7 ) © Af(R 7 ) © A^ 7 (R 7 ) under G 2 , vanishes. The remaining 
conditions impose restrictions on the commutators of the vector fields associated with 
the one-forms. 

Next we investigate backgrounds with N Killing spinors, N > 1. In particular, we 
focus on supersymmetric backgrounds for which the Killing spinors are invariant under 
some subgroup H C Spin(9, 1). In this case the Killing spinors can be written as 



where f r i are functions on the spacetime and rji is a basis in the space of if-invariant 
spinors. We analyze the Killing spinor equations and we demonstrate that they simplify 
whenever the background admits the maximal number of if-invariant Killing spinors, 
k = N. This is because the matrix of functions / is invertible and this can be used 
to arrange such that only the derivative term of the supercovariant derivative depends 
on /. We term these backgrounds as maximally supersymmetric if-backgrounds. In 
IIB supergravity, we find that there is an additional simplifying feature. For any H C 
Spin(9, 1), there is a basis in the space of if-invariant spinors whose elements come in 
complex conjugate pairs. This can be used to show that the Killing spinor equations 
of IIB supergravity factorize for all maximally supersymmetric if -backgrounds. In 
particular, the terms in the Killing spinor equations involving the complex fluxes P and 
G separate from those that contain the fluxes F and the geometry. 

As an application of the above results to maximally supersymmetric if-backgrounds, 
we solve the Killing spinor equations of IIB backgrounds with two supersymmetries and 
Spin(7) x M 8 -invariant spinors, and with four supersymmetries and SU(4) x R 8 - and 
GVinvariant spinors. We find that in both the Spin(7) K R 8 and SU(4) x R 8 cases, the 

2 If the spacetime admits a Spin(9, l) c structure, L may not be well-defined but L 2 is. 
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spacetime admits a parallel, null, vector field, X, and the holonomy of the Levi-Civita 
connection'^ reduced either to Spin(7) kR 8 or to <S77(4) KM 8 , respectively. The spacetime 
metric in both cases can be written as 



ds 2 = 2dv(du + a(y, v) + fc(y, v)dy T ) + "/u(y, v)dy J dy 



.1 



(1.3) 



by adapting Penrose coordinates [TUj along the rotation free, null, geodesic congru- 
ence generated by X = The transverse space B of the null congruence, u,v = 
constant spanned by the coordinates y 1 , is either a Spin{7) or Calabi-Yau eight- 
dimensional manifolds, respectively. We also investigate the geometry of IIB backgrounds 
with four supersymmetries and GVinvariant spinors. We find that the spacetime is the 
product of the three-dimensional Minkowski and a G2 manifold B, i.e. 



In addition, the Killing spinor equations imply that all the fluxes P, G, F vanish. 

There are at most two Spin(7) ix M 8 -invariant spinors in the complex Weyl represen- 
tation of Spin(9, 1). So there are IIB backgrounds with either one or two Spin(7) k M 8 - 
invariant Killing spinors. The geometry of backgrounds with one supersymmetry has 
been determined in j3]. In this paper, we have also solved the Killing spinor equations 
for backgrounds with two supersymmetries. Thus we have completed the task of clas- 
sifying the geometries of IIB supersymmetric backgrounds with Spin(7) x R 8 -invariant 
Killing spinors. 

This paper is organized as follows: In section two, we describe the Killing spinor 
equations of IIB supergravity, give the conditions on the geometry for backgrounds with 
one (^-invariant Killing spinor and determine the GVstructure that such backgrounds 
admit. The linear system and its solution for backgrounds with one G^-invariant Killing 
spinor is presented in appendix B. In section three, we investigate the properties of the 
Killing spinor equations for backgrounds with extended supersymmetry and demonstrate 
a factorization of the Killing spinor equations of IIB supergravity for certain backgrounds. 
In section four, we determine the geometry of backgrounds with two Spin(7) x R 8 - 
invariant Killing spinors, and in appendix C, we present the associated linear system 
and its solution. In section five, we investigate the geometry of backgrounds with four 
577(4) x M 8 -invariant Killing spinors, and in appendix D, we give the associated linear 
system and its solution. In section six, we determine the geometry of backgrounds with 
four (^-invariant Killing spinors, and in appendix E, we present the associated linear 
system and its solution. In section seven, we give our conclusions. In appendix A, 
we summarize our spinor conventions and compute some spacetime form bilinears of 
(^-invariant spinors. 

2 Backgrounds with (^-invariant Killing spinors 

2.1 Killing spinor equations and a linear system 

As we have mentioned in the introduction, the bosonic fields of IIB supergravity are 
the spacetime metric g, a complex one-form field strength, a complex three-form field 
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strength G, and a self-dual five-form field strength F, Fm 1 ...m 5 = —^m 1 ...m 5 Fn 1 ...n 5 , 
where eoi...g = 1. The precise definition of the field strengths P, G and F is given in j2j and 
we shall not repeat the formulae here. The Killing spinor equations of IIB supergravity 
are the vanishing conditions of the gravitino and the supersymmetric partners of the 
scalars supersymmetry transformations fTJ |2| evaluated on the bosonic fields of the 
theory 3 . These turn into equations for the supersymmetry parameter e which we take 
to be a commuting spinor. The Killing spinor equations of IIB supergravity can be 
interpreted as a parallel transport equation for the supercovariant connection D 

T> M e = Vm£ + — T 1 *" 4 eF Nl ^ NiM — —(T M 1 2 3 Gn 1 n 2 n 3 — 91" 1 2 GMN 1 N 2 )(Ce)* = 

(2.1) 

and an algebraic equation 

Ae = P M r M (Ce)* + ^G NlN2Na T N ^e = , (2.2) 

where 

~ 1 AB i 

Vm = D M + -Qm,abF , D M = &m — -zQm 

is the spin connection, Vm = &m + \^m,ab^ AB , twisted with U(l) connection Q M , 
Q*m — Qm-i £ is a (complex) Weyl spinor, r a " 9 e = — e, and C is a charge conjugation 
matrix 4 . (For our spinor conventions see appendix A.) For a superspace formulation of 
IIB supergravity see [T5j . 

The gauge group of the supercovariant derivative V is Spin(9, 1) x £7(1). Under such 
local transformations the fluxes rotate up to a local Lorentz rotation and an appropriate 
£7(1) gauge transformation of the connection Q. As we have mentioned in the introduc- 
tion, the Killing spinor can be written up to a Spin{9, 1) gauge transformation as (jl.lj) . 
This spinor is GVinvariant and exhibits a SU(3) C G2 manifest invariance. This and the 
choice of the basis in the space of spinors given in (jA.8|) make it convenient to decom- 
pose the fluxes and geometry in 577(3) representations. For this, we split the spacetime 
frame indices A = (+, — , 1, l,p,p), p = 1,2,3. We then substitute the Killing spinor e 
(jl.lj) into the Killing spinor equations (j2.1j) and (j2.2j) and perform the gamma matrix 
algebra such that these equations are expressed in the basis (|A.8j) . Then we set every 
component in this basis to zero. In this way, we derive a linear system for the fluxes, 
spacetime geometry and spacetime derivatives of the functions /, g which determine the 
Killing spinor e. This computation is described in more detail in appendix B. 

Next we solve the linear system. As we have mentioned in the introduction, we first 
solve for the complex fluxes P and G. It turns out that not all components of these fluxes 
are specified by the Killing spinor equations. After choosing the independent components 
the linear system is solved for the remaining components of P and G in terms of F, Q and 
the derivatives of f,g in (jl.lj) . Having done this, the rest of the equations of the linear 
system become conditions for the components of F, the geometry represented by the 
Levi-Civita connection Q, the U(l) (real) connection Q and the spacetime derivatives of 

3 We use a mostly plus convention for the metric. To relate this to the conventions of [2], one takes 
T A -> iT A and every time a index is lowered there is also an additional minus sign, see also 0]. 

4 In the basis of gamma matrices chosen in 2 , C — 1, and so it has been neglected, see however I12| . 
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the functions /, g. Since F, Q, f2, / and g are real, one has to also consider the complex 
conjugates of the equations for F, Q, Q, f and g. It turns out that these equations 
do not determine all components of F . After choosing the independent ones, the linear 
system is solved for the remaining components of F in terms of the geometry Q, Q and 
the derivatives of /, g. Some equations remain. These involve the geometry Q, Q and the 
spacetime derivatives of /, g. We interpret these equations as conditions on the geometry 
of spacetime of a background that admits a GVinvariant Killing spinor. The expressions 
for the fluxes mentioned above are given in appendix B. The computation described 
above is lengthy but routine and it is convenient to organize it in SU (3) representations. 
In what follows, we shall investigate the conditions on the geometry in more detail. 

2.2 Geometry 

2.2.1 Geometric conditions 

It is convenient to arrange the conditions on the geometry of the spacetime of back- 
grounds with a G 2 -invariant Killing spinor in terms of SU (3) representations. The 
geometric conditions that transform under the trivial representation of SU (3) are 



<7 2 JVi - AVi = (2.3) 
2<9_log/ + fi_,_ + = (2.4) 

2A/ + /V+^- I -i-/^,+i = (2.5) 

2gd 1 g-g 2 n 1 ^ + -g 2 n +t - 1 + f 2 n + , +1 = (2.6) 

2fd + f-2gd-g + g 2 n^ + + f 2 n +t - + = (2.7) 
2d+\ogg + n + ^ + = (2.8) 

^Vi-/ 2 ^l,+i + ^-,ii- = (2.9) 

g 2 n f> j - fn^* + g 2 n _/-fn + / = o (2.10) 

- ft-.+i - fi+.-i + ft+.-i = (2.11) 

g 2 Q_ - f 2 Q + + 2fgQ^ +1 - 2fgQ + ^ = (2.12) 

Q_ r _ Q r , fif2f3Q , rir2T3Q 
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9* 9 2 



+ + = 0. (2.13) 



+f2 f i r — f2 r i r — fif i r + fi r i r — — n_ i — — — i 

x2 y2 
ji O - -J- 

V 2? 

The geometric conditions that transform under the fundamental representation of 
SU(3) are 

2fd p f + f 2 n p ,-+ + g 2 Sl-,- P - fn + ^ p = (2.14) 
2gd p g-g 2 n p ^ + -g 2 n + ^ p + f 2 n + , +p = (2.15) 

g 2 n 1 ,- p -fn 1 , +p + s f i n P) - 1 -f 2 n P)+1 = o (2.16) 
g 2 Q P ,-i — f 2 Q P ,+i + g 2 Qp,-i — f 2 Q P ,+i — g 2 Q-, P i 

- 5 2 n-, P i + / 2 fi +lP i + / 2 V = (2.17) 



g 2 VLi_ p - f 2 Vt- h+p - g 2 £l Pt -.i + f 2 Q P ,+i + g 2 &-, p i 

,pi ~ f ^+,pi ~~ / ^+,pi 



+g 2 n_ tPl - fn +:Pl - fn + , pl = (2.18) 



tt_ :+p -tt +! _ p = (2.19) 

2 rifjj Q_ _ _ f2 f\fi Q_ _ ,n 2n _ 9 f 2 Q 
y t pii rij _j. 2 j t pi £ ri ,+r2 "T ^y J 'p,— 1 i6 p,+l 

— y" e rir2 p fi_ i f 1 f 2 + / e rir2 p f2 +iflf2 + 2g fi_,ip — 2/ = (2.20) 

The conditions that transforms under the fundamental representation and its conju- 
gate of SU(3) are 

- g 2 n^ p + fn- q)+p - g 2 n p ^ + / 2 o Pi+9 - = o , (2.21) 

and the conditions that transform under the symmetric product of the fundamental 
representation are 

g 2 Qp,-q ~ f 2 Qp,+q + g 2 Qq,-p ~ f 2 ^q,+p = , (2.22) 

The above conditions on the geometry can be simplified by going to the gauge / = g. 
In this gauge, the conditions (|2.4|) . (|2.7|) and (|2.8|) . imply that 

_+ = . (2.23) 

Consequently, d-f = 0. Some additional simplification also occurs because the depen- 
dence of the conditions on / can be eliminated apart from the terms containing spacetime 
derivatives. In what follows, we shall examine the geometric conditions without choosing 
the gauge f = g. 

The conditions on the geometry (|2.3J) - (|2.22j) have been described in terms of SU (3) C 
G*2 representations. However, it should be possible to re-expressed them in terms of G2 
representations. This is because as one may expect the existence of a G 2 -fnvariant spinor 
reduces the structure group of spacetime from Spin(9, 1) x U(l) to G 2 - To make this 
manifest, we shall examine the spacetime form bilinears that can be constructed from 
the Killing spinor e of the background. 



6 



2.3 Spacetime forms from spinor bilinears 

The Killing spinors of IIB supergravity are complex Weyl spinors. Because the charge 
conjugation matrix C acts non-trivially on such spinors, one can construct for any com- 
plex Weyl spinor e another spinor e = C * e. If e is a Killing spinor, e may not be 
Killing but it is defined on the spacetime, see also jlj. It turns out that e is needed to 
understand the geometric conditions which arise from the Killing spinor equations of IIB 
supergravity. After some inconsequential rescaling with a numerical factor, the Killing 
spinor can be written as 

e = ^=[/(l + ei23 4 ) - ig{e 15 + e 2U5 )} , (2.24) 



C * e = -j=[f{l + e 1234 ) + ig(e 15 + e 2U5 )] . (2.25) 



and 



It is then straightforward from the results in appendix IA.2I to find that the one-forms 
are 

K(e,e) = -f(- e + e 5 )-g 2 (e° + e 5 )+2ifge 1 
«(e,e) = -/ 2 (-e° + e 5 )+sV + e 5 ) 

«(e,e) = -f(-e° + e 5 ) - g 2 (e° + e 5 ) - 2ifge 1 (2.26) 

the three-form is 

£(e,e) = -2ifg[Rex-e 6 Acu-e° Ae 1 Ae 5 ] (2.27) 

and the five-forms are 

r(e,e) = —f 2 (—e° + e 5 ) A [Re x~^wAw] 

+ g 2 (e° + e 5 ) A [e 1 A Re x + A w - w A e 1 A e 6 + e 6 Mm x] 
+ 2ifg[e° A e 5 A Rex - e 1 A e 6 A Im% 

+ ie 1 A A + w A e 6 A e° A e 5 ] , (2.28) 

r(e,e) = -/ 2 (-e° + e 5 ) A [Re X - \u A u] 

- g 2 (e° + e 5 ) A [e 1 A Rex + ^ A w - w A e 1 A e 6 + e 6 A Imx] , (2.29) 

and r(e, e) can be derived from r(e, e) after setting g — > — where x and Cj are given in 
appendix IA.21 

The spacetime form bilinears of the pairs (e, e) and (e, e) transform under the U(l) 
subgroup of the Spin(9, 1) x U(l) gauge group of IIB supergravity. So, there are line 
bundle valued forms on the spacetime. In fact, they carry equal but opposite charge. 
As a consequence the form K,(e, e) A n(e, e) A n(e, e) is a well-defined three form on the 
spacetime. These will be used later to investigate the conditions on the geometry of 
spacetime. 
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2.4 Analysis of the geometric conditions 

To analyze the geometric conditions, we introduce a frame e + ,e~,e a ,e a such that the 
metric is written as 

ds 2 = 2(e + e" + 5 a ^e a e^) . (2.30) 

It is convenient to what follows to suitably normalize the various forms that are associated 
with the spinor bilinears. In particular we shall focus on the three one-forms (|2.2fi|) and 
the three-form ()2.27j) which are used below to analyze the geometric conditions. First 
observe that the one-form «(e, e) is timelike and denote with X the associated vector 5 
k = -^«(e, e), i.e. 

X = f 2 e + - g 2 e. , (2.31) 
where tA is the coframe of e A , e \e M ' b = $ A b- Then g(X, X) = —4f 2 g 2 . Next we define 

' { K (e,e)-K(e,e)) = e 1 (2.32) 



2iy/-g(X,X) 
and 

1 



2^2 



(/c(e, e) + K (e, e)) = f 2 e~ + g 2 e + . (2.33) 



it is also convenient to define the null one forms A = g 2 e + and fi = f 2 e~. As we have 
mentioned, k is timelike, while k and k' are spacelike. 

Observe that the three form £ (e, e) is the sum of two terms. The first term can be 
recognized as the standard G 2 -fnvariant three-form 0. The second term is proportional 
to k A k A k' . Because of this, we can separate the two parts and after an appropriate 
normalization with the length of X, we write 

= Rex - e 6 A Cj . (2.34) 

Since the spacetime admits a no-where vanishing G^-invariant three-form, it admits a 
G 2 -structure. 

The above geometric data impose some topological conditions on the spacetime. 
Suppose that the spacetime M is smooth, it admits a G 2 -structure and the line bundle 
L associated with the IIB scalar fields is trivial. This implies that f,g^0 and that 
well-defined one-forms on M. The forms do not vanish. As a result, the 

tangent bundle TM decomposes as TM = I 3 © F, where J 3 is a trivial bundle of rank 
three. In addition the vector bundle A 3 F admits a no-where vanishing section 0. If L 
is not trivial, there are again topological restrictions like for example that the bundle 
of three-forms of the spacetime, A 3 (M), admits for example two no-where vanishing 
sections </> and k A k A k'. 

Next we turn to the geometric conditions implied by the Killing spinor equations. 
Since the spacetime M admits a GVstructure, one expects that the conditions on the 

5 We have rescaled the one-form and changed the overall sign for convenience. 
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geometry can be expressed as vanishing conditions on the covariant derivative with re- 
spect to the Levi-Civita connection of the invariant forms k, A, \x and <fi. This is an 
adaptation of the results of Gray-Hervella for manifolds with a ?7(n)-structure ^3] to 
this case. However here there is an additional ingredient due to the fact that the spinors 
e, e are twisted with respect to the scalar field U{1) connection Q M of the line bundle 
L. As a result, the one-forms are also twisted. In particular k{e, e), «(e, e) are twisted 
with L 2 and its dual, respectively, but k and <j) are not. This implies that the covariant 
derivative of the form should be taken with the U(l) twisted connection V instead of 
the Levi-Civita where appropriate. In particular observe that 

JV M /t(e, e) = VAf«(e, e) - iQ M K-{e, e) 

V M «(e, e) = V m k(£, e) + iQ M ^(e, e) . (2.35) 

These equations can be used to compute the (twisted) covariant derivatives of k, A and 
fi. 

As we have mentioned, we have expressed the geometric conditions in terms of SU(3) 
representations. Since SU(3) C G2 and the spacetime admits a (^-structure, one ex- 
pects that the various geometric conditions will combine and organize themselves in G2 
representations. Indeed, we shall demonstrate that this is the case and in this way, we 
provide an additional check on our results. First, the six conditions (j2.3|) - (|2.8l) , ([2.14)1 . 
(BHD (f2~m (|2~2T1) . (l2~m and 

g^^-fn-^ + g'n^-fn^ = 
(7 2 (n Pi _i + ni i _ p )-/ 2 (fii i+p + n p , + i) = o (2.36) 

which are derived from the real part of ()2.9|) and the sum of ()2.17|) and (|2.18|) . respectively, 
imply that the vector field X associated with the one-form k is Killing, i.e. 

V a k b + V b k a = . (2.37) 

Next observe that 

X B (V A k B - V B k A ) =0 , A = l,p (2.38) 
implies ()2.9|) and (|2.17|) . Next consider 

X b V c <Pbca + ^X B V B <f>cDF*<f> CDF A = , A = l,p (2.39) 

where *<p is the dual of <fi with respect to the GVinvariant (volume) form <ivol = e 2 A e 3 A 
e 4 A e 6 A e 7 A e 8 A e 9 . This condition implies (l2~TTH) and (gH?j). Similarly, (gUD can be 
written as 

1 * (j}A BCD VA(j)BCD + ^!v_/l_ - = (2.40) 

12 f 2 g 2 

The remaining equations can be written as 

/ 2 V + A A - g 2 V-fi A = , A = l,p. (2.41) 
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To conclude the geometric content of the Killing spinor equations of IIB supergravity 
for backgrounds with one G 2 - invariant Killing spinor is described by the equations ()2.37j) . 

dZSHD, (USED, ipnnji and flZ3U). 

The geometric interpretation of ()2.37j) is straightforward. In particular, one can adapt 
coordinates with respect to X, X = and write the metric as 

ds 2 = -Af 2 g 2 (dt + (3) 2 + ds 2 (g) (2.42) 

where (3 is a one-form in the nine remaining directions independent of t and ds 2 g -, is 
the metric in the space of orbits of X again independent of t. Using ()2.37j) and the 
orthogonality of K and k, we can write the condition ()2.38|) as 

£ X K A = 0, A = l,p. (2.43) 

However since k is twisted with respect to L 2 , the Lie derivative Cx has an additional 
term involving the connection Q. Similarly, the condition ()2.39|) can be rewritten as 

Cx<Pabc *<J) ABC d = , D = I, p . (2.44) 

Clearly, this condition implies that the seven- dimensional part of J~-x4>, in the decompo- 
sition of three forms A 3 (M 7 ) = A^(M 7 ) © A|(R 7 ) © A| 7 (R 7 ) in terms of G 2 representations, 
vanishes. The Lie derivative of <p along X may be interpreted as an infinitesimal defor- 
mation of (f). Then (|2.44|) implies that this deformation is a deformation along the moduli 
of a seven- dimensional submanifold since it vanishes along some diffeomorphism direc- 
tions. The condition ()2.40|) implies that the singlet of d<p, in the decomposition of four 
forms A 4 (M 7 ) = A^(M 7 ) ©A^M 7 ) ©A^ffi 7 ) in terms of G 2 representations, is expressed in 
terms of derivatives of the one-form k. The condition ()2.40j) resembles the weak or nearly 
parallel GVstructure that one finds in the standard reduction of a Spm(7)-structure to 
G 2 U\- Of course here, the reduction that takes place is from Spin(9, 1) x U{1) to G 2 
and there are far more G 2 classes than those investigated for the standard case. 



3 Backgrounds with extended supersymmetry 

3.1 Invariant spinors and extended supersymmetry 

A class of supersymmetric backgrounds are those for which the Killing spinors are in- 
variant under a subgroup H of the gauge group G of the Killing spinor equations of 
a supergravity theory. Typically H includes some of the Berger holonomy groups like 
SU(n), G 2 and Spin(7). Let A H be the space of if -invariant spinors i.e. Hi] = r] for 
every rj e A^. A H is a subspace of some representation A of the gauge group G, and A 
is the space of spinors of the supergravity theory. Next define the group H as the sub- 
group of G which preserves the subspace A H but not necessarily the individual spinors 
in A^, i.e. HA H C A H . It turns out that H is a normal subgroup of H and G = H/H 
is the factor group. Clearly G preserves the subspace A H , GA H C A H . 



10 



Let rji, i — 1, . . . , k, be a basis in the space of if -invariant spinors, A H . The Killing 
spinors of a background with N supersymmetries and if-invariant Killing spinors 6 can 
be written as 

k 

e r = ^2f ri r]i, r = l,...,N, (3.1) 

i=i 

where /« are functions of the spacetime and r = 1, . . . , N, N < k. For backgrounds 
with exactly iV supersymmetries the rank of the matrix / = (/ r j) of coefficients is N. 
If a background admits N = k supersymmetries, then / = (f ri ) is invertible. We term 
such backgrounds as maximally supersymmetric with ii-invariant spinors or maximally 
super symmetric if -backgrounds for short. 

The Killing spinor equations of maximally supersymmetric if-backgrounds exhibit 
some simplification. To see this, suppose that the Killing spinor equations of a super- 
gravity theory are a parallel transport equation of some supercovariant connection T> and 
a set of algebraic equations collectively denoted by A. In such case, the Killing spinor 
equations can be written as 

N 

Vu^r = 22(D M friVi + fri^MVi) = , 
i=l 

N 

Ae r = friAm = • (3.2) 

i=l 

Since / = (f r i) is invertible, these equations imply that 

N 

J2(r 1 D M f)i j V j +V M Vi = 

Arji = . (3.3) 

The simplification consists of eliminating the dependence of the T>mVi term in the first 
Killing spinor equation and of the second Killing spinor equation on the functions / r j. 
Observe that this simplification is not possible for backgrounds with ii-invariant spinors 
which are not maximally supersymmetric, i.e. N < k. This is because the matrix / = f ri 
cannot be inverted and so some dependence on the functions f r i may remain. However 
some simplification can still be made by an appropriate choice of the basis rji. 

Suppose that we apply the method of [Hj to solve the parallel transport equation in 
()3.3|) . In such a case apart from a set of vanishing conditions for the fluxes and geometry, 
one finds that there is a parallel transport equation for the functions / of the type 

(f^dufh + {C M )ij = , (3.4) 

where C is a connection constructed from the Levi-Civita connection of the spacetime 
and the fluxes of the supergravity theory. The connection C can be thought of as the 

6 If N < k, the Killing spinors may exhibit a larger symmetry than H which in some cases is an 
extension of H with a discrete group |151 ITB| . 
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restriction of the supercovariant connection of the supergravity theory on the subbundle 
of the Killing spinors. It is well-known for such parallel transport equations that a 
necessary and sufficient condition for the existence of a solution / is that the holonomy 
of C to be the identity, hol(C) = 1. This in particular implies that the curvature 
K = dC — C A C should vanish, K = 0. For backgrounds with one supersymmetry 
this is a 'mild' condition. However, it becomes rather restrictive for backgrounds with 
extended supersymmetry Assuming that hol(C) = 1, the solution of ()3.4j) can be written 
as 



where fo is a constant matrix and the integral is over a path 7 from a fixed point in 
spacetime to x. In fact one can choose fo to be the identity matrix using the property of 
(13. 4j) to be invariant under the transformation / — ► gf, where g is an invertible constant 
N x N matrix. 

It remains to determine whether there is a gauge such that the matrix / can be taken 
to be the identity matrix, / = 1, and so Killing spinors of a maximally supersymmetric 
if -background can be chosen such that e« = rji. It is well-known that this is always 
the case for Riemannian backgrounds with parallel spinors but it is not apparent in the 
context of supergravity because the holonomy and the gauge group of the supercovariant 
connection can be different. To give a sufficient condition for the existence of the gauge 
/ = 1, let s be the Lie algebra that C takes values in. Typically s is a subalgebra of the 
Lie algebra of the holonomy group of the supercovariant connection. It is clear that one 
can choose the gauge / = 1, if this gauge can be reached with a gauge transformation 
in G which preserves A^, i.e. with a G gauge transformation of the supercovariant 
derivative. This implies that a sufficient condition for choosing the gauge / = 1 is that 
s is a subalgebra of the Lie algebra g of G. 

3.2 Maximally supersymmetric ^-backgrounds in IIB super- 



The considerations of the previous section have a straightforward application in IIB 
supergravity. In this case G = Spin(9,l) x U(l). We shall consider three cases of 
backgrounds with if-invariant spinors. These are Spin(7) x M 8 , SU(4) K M 8 and G2. In 
addition, we shall show that the terms which contain the F and G fluxes in the Killing 
spinor equation of the supercovariant connection of any IIB maximally supersymmetric 
if -background factorize, H C Spin{9, 1). 

There are two Spin(7) x R 8 invariant spinors in the (complex) Weyl representation of 
Spin(9, 1). So there may exist backgrounds with Spin(7) x M 8 -invariant Killing spinors 
with either one or two supersymmetries. The Killing spinor equations of backgrounds 
with one Spin(7) x R 8 -invariant Killing spinors have been solved in [3]. So it remains 
to investigate the case with two Spin(7) x M 8 -invariant Killing spinors. These are the 
maximally supersymmetric Spin(7) x M 8 -backgrounds. One can choose the basis in the 
space of Spin{7) x M 8 -invariant spinors to be 
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(3.5) 



gravity 



r} X = (1 + ei234) , ??2 = ir]i = «(1 + e i234) • 



(3.6) 
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Substituting these into ()3.3|) . we find after a straightforward computation using C * 771 = 
r/i and C * r/2 = —r] 2 that 

^[(/-^m/)!! + (r 1 J D A //) 22 +*(r 1 Av//)i2 -^(r 1 J DA//) 2 i]r/i 
\[{r l D M f)n - {r l D M f)22 + i(r l D M f)i2 + Kf^Duf)^ 

-^(T M NM G NlN2N3 - 9T^ Na G MNlNa )Tn = 

p M r M m = 

G NlN2N3 T NM Vl = . (3.7) 

The second condition can be further simplified using the last. In particular acting with 
a gamma matrix on the last equation in ()3.7|) and using the resulting expression after 
skew-symmetrization, we find that the second condition can be written as 

[(r^wOii - (r 1 ^/) 22 + Kf-^Mfu + iir^Mfhi^i 

+ \r N ^G MNlN2 r ]l = . (3.8) 

This condition is a parallel transport type of equation for the spinor rjx. It is surprising 
that parts of the gravitino Killing spinor equation which contain the F and G fluxes 
factorize. This is a profound simplification in the Killing spinor equations because the 
main difficulty in the cases studied in j3] and in earlier sections is the mixing of these 
two terms in the Killing spinor equations. 

There are four SU(4) x R 8 -invariant spinors. Therefore, there are IIB backgrounds 
with one, two, three and four SU (4) k R 8 -invariant Killing spinors. The Killing spinor 
equations of backgrounds with one SU(4) ixR 8 -invariant Killing spinor have been solved in 
0j. Here, we shall investigate the Killing spinor equations of maximally supersymmetric 
577(4) ix R 8 -backgrounds. A basis in the space of 577(4) K R 8 -invariant spinors is 

771 = 1 + ei234 , V2 = «(1 - ei234) , 
% = IVl = «(1 + e 1234) , ??4 = iV2 = "(I - ei234) ■ (3.9) 

Substituting these into (|3.3|) and using C * rji — rji, C * T)% = 772, C * T] 3 = — r/ 3 and 
C * 774 = — 774, we find after some straightforward computation that 

\[{r l D M f)n + i{r l D M f)i3 + {r l D M f)m - i{r l D M f)zi]Vi 

+\[{r 1 D M f)i2 + i{r l D M f)u + (r l D M f)M - Kr^Mf)^ 

+]n M>AB r AB r ]1 + ±-t n i- n ± Vi f Ni ... N4M = 

4 4o 

\[{r l D M f )2i + Kr x D M fU + (r'DMfu - i{r x D M fU\rn 
+\\{r 1 D M f )22 + i{r l D M f). u + {r l D M fu - nr^f)^ 

+^m,abT ab V2 + ^T N ^ m F Nl ... N4M = 
4 4o 
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+[{r l D M f)i2+i{r 1 D M f)iA 



-(r 1 J D M /) 34 +z(r l L>M/)32]% 



+ ^T NlN2 GMN 1 N2 r ll — 



[(/" 1 ^ A f/)21+^(r 1 ^//)23 

+ {(r 1 D M f) 22 + z(f- 1 D M f) 24 



-(r 1 ^ A f/)43+^(r 1 ^ A //)4i]r/i 

-(r 1 J D M /)44 + z(r 1 ^A//)42]r72 



Gn 1 N 2 N 3 ^ 



1N1N2N3 



P M r M Vl = 0, P M T M r ]2 = 0, 
rn = 0, G NlN2N3 T N ^ N3 V2 = . 



(3.10) 



Again the parts of the gravitino Killing spinor equation which contain the F and G 
fluxes of the maximally supersymmetric SU(4) x M 8 backgrounds factorize. We shall 
show that this is a generic property of maximally supersymmetric //-backgrounds in IIB 
super gravity 

There are four (^-invariant spinors in the (complex) Weyl representation of Spin(, 1). 
Therefore, there are IIB backgrounds with one, two, three and four GVinvariant Killing 
spinors. The Killing spinor equations of backgrounds with one (^-invariant Killing spinor 
have been solved in section two and the appendices. Here, we shall investigate the Killing 
spinor equations of maximally supersymmetric GVbackgrounds. A basis in the space of 
(^-invariant spinors is 



Substituting these into ()3.3j) and using C * rji — 771, C * 772 = 772, C * 773 = — 773 and 
C * 774 = — 774, we find after some straightforward computation the same Killing spinor 
equations as for the maximally supersymmetric SU (4) ix M 8 -backgrounds (|3.10jl but now 
T} 1 = 1 + ei234 and 772 = e 15 + e 23 45- 

It remains to show that the F and G terms of the Killing spinor equation associated 
with the supercovariant derivative factorize for any IIB maximally supersymmetric H- 
background, H C Spin(9, 1). It is clear from the special cases we have investigated 
above that to show this, it is sufficient to show that there is a basis in A H of the type 
(j]i,ir]i,i = 1, . . . , k), where T]i are Majorana spinors. Let rj £ A H . Then C * 77 is also 
in A H because C* commutes with the elements of Spin(9, 1) and so with the elements 
H C Spin(9, 1). Since (C*) 2 = 1, a basis can be chosen in A H for which the basis 
elements have eigenvalues either +1 or —1. If we denote with (77^, i — 1, . . . , k) the basis 
elements in with eigenvalue +1, then those with eigenvalue —1 are given by irji, 
where rji are Majorana spinors. Using this, one can show the factorization of the Killing 
spinor equation associated with the supercovariant derivative using arguments similar to 
those we have demonstrated above for the three special cases. 



77i = 1 + ei234 , V2 
V3 = i>Vt = *(1 + e 1234) , ??4 



Cl5 + ^2345 j 

ir} 2 = i(e 15 + e 234 5 



(3.11) 
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4 Maximally supersymmetric Spin(7) k ^-backgrounds 
4.1 The conditions on the geometry 

The conditions on the geometry of spacetime for maximally supersymmetric Spin(7) xl 8 
backgrounds derived in appendix C can be listed as 

(f-'dAfhi - {r l d A f)22 = 0, A — -,+,a,a 

{r l dAf)i2 + {r l d A f)2i = 0, A = -,+,«, a 

(r 1 <9 + /)ii + (r 1 <9 + /) 22 + fi + ,_ + = o, 

(r 1 5 + /) 12 -(r 1 9 + /) 21 -g + = o, 

(r 1 d-/)n + (r 1 <9_/) 22 + ^,_ + = o, 

(r 1 9_/) 12 - {r x d-f)2x - q- 

-L—fP 7* _|_ lp ai«2«3Q4 _ pi 

I 2 ~ 7 " ' g — Q?i«20304 C U J 

(r 1 d Q /)ii + (r l d c j) 22 + iv+ = o 

(f-'Oaf)^ ~ (r^a/)21 - Q Q = 0, (4.1) 

and 





h,+a — , 


= o, 






= o, 




— n o a 


= o, 






= o, 


o, 


5,4-/3 = , fi a ,+/3 
"71 72 O 


= o, 




2 _e ^ 1 ^ 2 ^0,7172 


= o, 






= . 



(4.2) 

Most of the above conditions have the interpretation of a parallel transport equation. 
The conditions for the fluxes will be summarized at the end of the section. 



4.2 The geometry of spacetime 

To investigate the geometry of maximally supersymmetric Spin(7) x M 8 -backgrounds, 
let us focus on the equations for the functions / in (|4.1jl . It is straightforward to see 
that these can be rewritten as 

d A f + fC = 0, (4.3) 
where C = \Vt A _ + r + \Qat~i, Qa = Qa for A = +, a, a and 

A _ Q __/? T/_ lp aia 2 a3«4 ( A A) 

V — Ms — 2 ~7 " g -aia2a3«4 c ) V^ - V 

To is the identity 2x2 matrix and T\ is the 2x2 skew-symmetric matrix with (ti)i 2 = — 1. 
Therefore, the connection C takes values in the abelian Lie algebra s = R © w(l). As 
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we have mentioned in section three, the parallel transport equation ()4.3|) has a solution 
iff the holonomy of the connection C is the identity. In particular the curvature of K 
should vanish and this gives 

fU ,-+ = d A a 
Qa = d A b , (4.5) 

for some functions a, b of spacetime. Solving the parallel transport equation to express 
/ in terms of a, b, one finds that 

/0) = /oe-lK^o+bMn] = e-^f [cos(~b(x))To - sin(~&(x))ri] , (4.6) 

where fo is a constant 2x2 real matrix. As we have explained in section three, one can 
use the invariance / — > gf, g constant 2x2 matrix, to set fo = 1. In such case, the 
Killing spinors can be written 7 as 

e 2 = ie-^e^rn . (4.7) 

It turns out that in this case, there is a gauge for which the functions f — 1. In 
particular, the exponential factor can be gauged away with the gauge transformation 
e -^a(x)r+ w \ 1 [ c \ 1 j s j n the Spin(9, 1) gauge symmetry of the supercovariant connection 
and the phase can also be gauged away with the U(l) gauge transformation e^ x \ The 
result is that the Killing spinors are constant and are given in this gauge by e\ = r]\ and 
£2 = %■ 

In the gauge where the the Killing spinors are constant, it becomes apparent that 
the holonomy of the Levi-Civita connection of backgrounds with maximal Spin(7) k 
M 8 supersymmetry is contained in Spin(7) x M 8 . This follows from the conditions in 

(j4.1j) of the Killing spinor equations which in this gauge imply that Qa, h = 0. In 

addition the conditions in ()4.2|) imply that the non-vanishing components of the Levi- 
Civita connection are flA, a /3, ^a,^ with Qa,s 5 = and flA,a/3 = \ e a(P 5 Q-Aa&i an d Q-A-a- 
Clearly the Levi-Civita connection takes values in Lie algebra of Spin(7) x ]R 8 . 

The spacetime form spinor bilinears are a one-form k = e~ and a five-form r. 
From these, after an appropriate normalization, one can construct the familiar Spin(7)- 
invariant form 

if) = i K r = Rex - -cuAou , (4.8) 

where x an d ^ are given in appendix A. To investigate the properties of the one-form k, 
it is convenient to work in the gauge where the Killing spinors are constant. Of course 
the geometry of the spacetime does not depend on the specific gauge we use. It turns 
out that the null vector field X = e + associated with k is parallel with respect to the 
Levi-Civita connection V. In particular this implies that X is Killing, self-parallel and 



7 If one does not use fo = 1 , then e\ and £2 in (|4.7|l are in addition multiplied by the constant matrix 

fo. 
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that the associated null geodesic congruence is rotation free. Because of this, we can 
introduce Penrose coordinates ^0], see also ^Zj, and write the metric of the spacetime 
as 

ds 2 = 2dv(du + adv + Pidy 1 ) + ^ijdy 1 dy J , (4.9) 

where X = e + = 4^ and v is the Hamilton- Jacobi function of the null geodesies [THj . 
Since in addition X is Killing, then a = a(v,y), Pi = (3i(v,y) and ju = ju(v,y). In 
this coordinate system, it is natural to introduce the frame 

e~=dv, e+ = du + adv + (3 I dy I , e a = e a I dy I , e* = e a I dy I . (4.10) 

The associated coframe is 

- JL _ _ 1 A r - 1 _^ r a 1 -n 

aw ou au ay 1 ou ay 1 ou 

where e / a e /3 / = 5^ a and (3 a = Pie 1 a , and similarly for e 1 a and Pa- The torsion free 
condition for this frame implies that 

Q+,_ a = 0, fl +i _ a = 0, fi+, Q/3 = 0, fi+, a/ 3 = 0. (4.12) 

The rest of the components of the connection can be computed from the frame in the 
usual way. 

The spacetime is the Lorentzian extension of an one-parameter family of manifolds 
with holonomy Spin(7) equipped with a line bundle. To see this observe that the eight- 
dimensional manifolds B given by u, v — const admit a metric with holonomy Spin(7). 
The component adv + Pidy 1 of the metric can be thought of as the connection of a line 
bundle over the family and u as the coordinate along the fibre direction. The component 
fl v> u of the connection restricts to a two- form on B which takes values in spin(7). In 
this family one can compute the deformation of the Spin (7) -invariant form ip to find 
that all the components of Vt/> vanish apart from 

^AlpB 1 B 2 B 3 - = ^A,- B 1pB 1 B 2 B 3 B , A=-,0£,0£, B X , B 2 , B 3 , B = a, 6i . (4.13) 

Conversely, one can solve all the geometric conditions arising from the Killing spinor 
equations by (i) considering a spacetime with a metric as in ()4.9j) which in addition has 
the property that the submanifold B given by u, v — const has holonomy Spin{7), and 
(ii) requiring that IX^ab, A, B = a,a takes values in spin{7). The latter condition gives 
a restriction on the dependence of the metric of B on the deformation parameter v. In 
particular, we have 8 

\[dP) A B + d v e I[A e I B] - ^ A B CD {^{dp) C D + ^e I[a e 7 D] ) = , A, B = a, at . (4.14) 

A solution of this is to take the frame e a to be independent of v and d/3 to take values 
in spin (7). 

8 Our form notation is ui — y(Ji 1 ...i k dx H A ... A dx tk and (doj)i 1 ...i k+1 = (k + l)9[j 1 Wj 2 ...j fc x ] . 
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4.3 Fluxes 



It remains to give a geometric interpretation of the conditions on the fluxes, see ap- 
pendix C. As we have already mentioned the Killing spinor equations imply that all the 
components of G vanish apart from G_ab which takes values in spin(7). The only non- 
vanishing component of P is P_. The conditions implied by the Killing spinor equations 
on the flux F have been given in terms of S77(4) C Spin(7) representations in appendix 
C. However it is expected that they should be re-expressed in terms of Spin(7) x R 8 rep- 
resentations. This is because, as we have seen in the previous section, the (geometric) 
structure group of the spacetime of maximal supersymmetric Spin(7) x R 8 -backgrounds 
reduces from Spin(9, 1) x R 8 to Spin(7) x M 8 . In particular one find that in addition to 
the self-duality condition of F 

F — yabc = , 
F +ACi c 2 c 3 ^ CiC2C3 b = 

F-a^mm = °> A = a,a (4.15) 

and 

-Q~ + Y A F-ABCDi> ABCD = 0, (4.16) 

where F^ AlA2A Ai denotes the seven-dimensional irreducible representation of spin{7) in 
the decomposition of A 4 (M 8 ) = A^(R 8 ) © A*(R 8 ) © A| 7 (R 8 ) © A| 5 (M 8 ). 



5 Maximally supersymmetric SU (4) K R 8 -backgrounds 
5.1 Conditions on the geometry 

The conditions on the geometry of maximally supersymmetric 577(4) x M 8 -backgrounds 
have been derived in appendix D and can be summarized as follows: 

(r'dAfhi = (r 1 ^/) 22 = (rW)33 = (rW) 4 4 , 

{f- l d A f)23 = (r 1 ^/) 32 = (r'dAfU = (f-'dAfU = , 

{r l d A f)i2 = -(r'dAfhi = {r^Afu = -(r 1 ^/) 43 , 
(r'dAfhs = -{r'dAfhi = (r 1 ^/) 24 = -(r'dAfU , 
(r^-iOn = (r 1 ^/)* = (r'd-fhs = (/- 1 9_/) 44 , 

(rW)n + 1^a,- + = o, 

W'dAfhs-QA = 

2i(r l d A f) 2 i - a*/ = o, 

(/ _1 9-/)n + ^-,-+ = 0, 

(/-^is + a-^-^M + ^v-Q- = °> 
•((r^+ir'Mffl)-"-/ = °> 

(f^d.f)^ - (/" 1 9_/) 24 + ±(F_ aia2a3a4 e ama * 
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_!_/? _ QiQ2Q3Q4\ _ n 

i ■*- — aia2 a 3 a 4 / 5 

(f-'d-fiu - (r 1 9_/) 32 - ^(i^W^ 3 " 4 

_/?____ ^aia2a3a4\ __ n 

where in the last equation z 7^ j and z, j = 1, 2, 3, 4, A = +, a, a, and 

^-,oiiQ!2 = > Q~,+a — , VL +: p ± p 2 = , fl ai)+aa = . (5-2) 

The above condition appear rather involved. However, most of them have the interpre- 
tation of a parallel transport equation. 

5.2 The geometry of spacetime 

As in the case of Spin(7) x R 8 -invariant Killing spinors, the conditions (J5.1j) can be 
written as a parallel transport equation 

f- 1 d A f + C A = 0, (5.3) 

where C A = §Q% + \W A I r + §^J r , for some choice of self-dual I r and anti-self dual 
J r 4 x 4 matrices such that 1% — J% — —1, I3 = J1J2, J3 = J\Ji and J r J, = J s / r and to 
is the identity 4x4 matrix. In addition, we have 

Vt A = Q A> y. 

n\ = in A / 

r)2 01020304, _i_ T? _ p o\020z04\ 

12 _ aia2a3Q4 —01020304^ ) 

r)3 _ It? 0x020304 p 01020:304^ 

^- 12 ~ CHI 0:20:30:4 — aia2<^3C14 / 

= —Qa 

i 

4 

fi 3 _ = ±(GL/-*G_/) (5-4) 



fi 2 _ = -;(gV+'gV) 



the remaining components vanishing, and 

Q A = Q A , A — +,a,a, Q_ = Q_ - ■ (5.5) 

The connection C takes values in the Lie algebra s = so(4) © IR = sw(2) © su(2) © R. A 
necessary and sufficient condition for the parallel transport equation to have a solution 
is that the holonomy of C should be the identity. This in particular implies that the 
curvature K = dC — C A C should vanish. However unlike the Spin(7) x R 8 case, 
s = so(4) © R is not a subalgebra of spin(9, 1) © u(l). This can be seen by identifying 
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the generator of the U(l) rotations in so(4) © R, which is h, and observing that it does 
not commute with all the generators of so(4) © R. 

The vanishing components K° = 0, K 1 = and K 1 = of the curvature X = 
imply that 

d[A^B],-+ = 

d [A n B] / = o 

d [A Q B ] = , (5.6) 

which in turn can be solved as 

Vl A -+ = d A a 
Q A = d A b 

m A / = d A c, (5.7) 

for some real functions a, b, c. It turns out that one can find commuting gauge Spin(9, 1) x 
U(l) transformations to set the above components of the C connection to zero. The 

gauge transformations for setting Q Aj h = and Q A = are as in the Spin(7) x R 8 

case. The transformation for setting Vt A ^ = is e~^ cFl6 . This can be verified by 
an explicit computation. In particular, this implies that the Cartan subalgebra of 
R © so(4) generated by {t , J{\ lies in g C spin(9, 1) © u(l). After choosing the 
gauge Q A _+ = Q A = Vt A ^ = 0, the remaining conditions of K = imply that 

djf_ = d A Q r _ = , r = 2, 3 , A — a,a, + . (5.8) 

We shall return to these equations later. 

The spacetime form Killing spinor bilinears are generated by an one- form k — e~ , 
a two form oo and the standard holomorphic SU (4) invariant form \- It turns out that 
the null vector field X = e + associated with k is parallel. This implies that it is Killing, 
self-parallel and the associated geodesic congruence is rotation free. So the spacetime 
metric can be written locally in Penrose coordinates as in the Spin(7) k R 8 case. In 
particular, we have 

ds 2 = 2dv(du + adv + fady 1 ) + ^jjd^dy 3 , (5.9) 

where X — J^, v is the Hamilton- Jacobi function of the null geodesic congruence and 
a = a(v,y), Pi = 0i(v,y) and ju = 7/j(f,y). We introduce the frame 

e~ = dv , e + = du + adv + fady 1 , e a = e a rfy 1 , e a = e a ' rfy 1 . (5.10) 

The torsion free condition of the Levi-Civita connection in this frame reveals the addi- 
tional conditions 

fi+,_ a = 0, 5^ = 0, n +ya0 = O. (5.11) 

Next we compute the covariant derivatives of the two-form u and the holomorphic 
(4,0) form x to find that they vanish apart from the components 

V ' a ub- = VL a ~ c ujbc , 
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V aXb^Bs- = ^a,- XB1B2B3C , A = -,a,a, B, B x , B 2 , B 3 = a, a . (5.12) 

This in particular reveals that the submanifold of the spacetime given by v, u — const is 
an eight- dimensional Calabi-Yau manifold. The spacetime is a one-parameter family of 
Calabi-Yau manifolds equipped with a line bundle with fibre coordinate u and connec- 
tion adv + Pidy 1 . Conversely, given an one-parameter family of Calabi-Yau manifolds 
equipped with a line bundle, one can write a metric as in (|5.9jl . The Killing spinor 
equations impose some additional conditions on the way that the Calabi-Yau metrics 
depend on the deformation parameter v. These conditions arise from the requirement 
that fi_,AB takes values in s«(4) and can be written as 

]^{d(3) ai + <9„e/[ a e J 7] = , (d(3) a *,5 ai - e 1 ' a d v e Q 7 + e 1 ' ad v e a 7 = . (5.13) 

One solution of these conditions is to take the metric 7 to be independent of v and df3 
to take values in su(4). 

The conditions on fluxes of the background required by supersymmetry are already 
written in S77(4) representations. So we shall not repeat the formulae. It remains to 
write the conditions ()5.8|) in the frame (|5.10|) . Indeed these can be written as 

diF. aia2a3ai e a ^ ai = , djG./ = , 

d u F^ aia2a3a4 e a ^ a ^ = , «9 U G_/ = , (5.14) 
i.e. they depend only on the coordinate v. 

5.3 Fluxes 

Apart from the conditions on the fluxes that we have derived in (15.14)1 . the Killing 
spinor equations imply that all components of Pa vanish apart from P which remains 
unconstrained. Similarly all the components of G vanish apart from G_ a p. The trace of 
this component is constrained as in 1)5.14)1 . The F-fluxes satisfy the conditions 

F - +a hh = > F -* a / = 2 Q- > ( 5 - 15 ) 

in addition to ()5.14)) and to the self-duality condition. These conditions can be easily 
derived from (|D.19|) . In addition that last condition follows from the gauge Qa = 0. 

6 Maximally supersymmetric ^-backgrounds 
6.1 Conditions on the geometry and fluxes 

The solution of the linear system for maximally supersymmetric GVbackgrounds has 
been given in appendix E. The conditions on the geometry of such backgrounds are 

{r l d M f)n = (r'dMfhs = -(/- 1 9 M /) 22 = -(r 1 9 M /) 4 4 , 
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(f-'dMfhs = {r l d M jh2 = {r l d M j)u = {r'dufU = , 
(/ <9a//)i2 = (/ dMf)u = ) 

(r 1 9 M /)2i = (r 1 9 M /)43 = ^a/,i- , 

(r^Mfhi + ^m,-+ = o, 

2(r 1 d M f) 13 -Q M = 0, (6.1) 

and 







= 






= 




&>M,+q 


= 




&>M-q 


= 




^M,q 9 


= 






= 






= 






= 



for M = +,—, 1, l,p } p. Moreover, it turns out that the fluxes P, G and F vanish. 



6.2 The geometry of spacetime 

As in the previous cases, we focus on the conditions involving the the functions /. It 
is straightforward to see that these equations can be written as a parallel transport 
equation 

f-^Af + C A = (6.3) 

of a connection C, where 

c A = ^ A ,-+t + ~Q A ti + n Ai+1 t 2 + n A ,-it 3 . (6.4) 

The connection C is real and the 4x4 matrices to, *!, t 2 and t 3 are easily computed from 
the conditions of the geometry listed in the previous section. The commutators of these 
matrices are 

Mo] = M2] = Ma] =0 , 
[to, h] = 2t 2 , [t , t 3 ] = -2t 3 , [* 2 , t 3 ] = -to • (6.5) 

Therefore C is an s = E © s/(2, R) connection. As we have already mentioned, the 
existence of a solution for ()6.3|) requires that the curvature K = dC — C AC vanishes. In 
addition, one can choose a gauge using Spin(9, 1) x £7(1) transformations such that / = 1. 
To see this, first observe that the part of the solution along the central generator *i can 
be gauged away using a U(l) gauge transformation as in the Spin{7) Kl 8 and ST/ (4) xM 8 
investigated previously. The remaining SL(2, E) part of the solution can be gauged away 
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with a SX(2,R) C Spin(9, 1) transformation. The Lie algebra sZ(2,R) C spin(9, 1) is 
spanned by the elements T 05 , T 01 , T 15 . Therefore in this case s G g. 

In the gauge that / = 1, the geometric conditions are very simple. All the components 
of the Levi-Civita connection vanish apart from the traceless part of flM,pq, &M,iq, ^M,fif 2 
and fijif i g . In addition, the last three satisfy the conditions 

^M,lq ~ -jP-M,fxf2 erir2 q = 

^M,lq + tt M ,lq = . (6.6) 

To interpret these conditions, it is helpful to find the spacetime forms constructed as 
Killing spinor bilinears. In the gauge we have chosen above, the Killing spinors are 
rji, T)2 1 if]2- Therefore the linearly independent spacetime form bilinears are generated 
by 771 and r] 2 . A straightforward computation using the results of appendix IA.2I reveals 
that the spacetime forms are generated by three one-forms and k' = e + , and 

the GVinvariant three- form given in ([2.340 . The second condition in ()6.6[) together 
with f^n = 0, = and Q-m-i = imply that Qa,ib + ^a,ib — 0, i.e. the 

connection vanishes along the e 1 direction. The supersymmetry conditions also imply 
that Qa,+b — &a,-b — 0. From these conditions one concludes that the one-forms 
e + , e~, e 1 are parallel. In addition the first condition in (j6.6j) implies that the three-form 
cf) is parallel with respect to the Levi-Civita connection. These imply that the spacetime 
is the product M = M 1 ' 2 x B, where R 1,2 is the three-dimensional Minkowski space and 
B is a manifold with holonomy G2 as may have been expected because the fluxes vanish. 



7 Concluding Remarks 

There are three classes of IIB supergravity backgrounds with one supersymmetry char- 
acterized by the stability subgroup of the Killing spinor in Spin(9, 1) x U(l). These are 
Spin(7) x R 8 , SU(4:) x R 8 and G2. The Killing spinor equations for the first two have 
been solved in j?J. In this paper, we have solved the Killing spinor equations of IIB 
supergravity for backgrounds with one GVinvariant Killing spinor. We have found that 
such backgrounds admit a timelike Killing vector field, two spacelike one-forms twisted 
with respect to line bundle of IIB scalar fields, and a GVinvariant three-form. As ex- 
pected the spacetime admits a G 2 -structure which we have specified by computing the 
covariant derivative of the above forms. 

We have also investigated backgrounds with extended supersymmetry. In particu- 
lar we focused on backgrounds that admit Killing spinors which are invariant under a 
subgroup H of Spin(9, 1) x U(l). We have shown that in IIB supergravity the Killing 
spinor equations of backgrounds with a maximal number of if-invariant spinors factorize, 
i.e. the P, G and F fluxes are separated in the Killing spinor equations. The resulting 
equations are straightforward to solve. In particular, we have solved the Killing spinor 
equations of backgrounds with two supersymmetries and Spin(7) x R 8 -invariant spinors, 
and of backgrounds with four supersymmetries and SU(4) xR 8 - and (^-invariant spinors. 
In both the Spin(7) x R 8 and SU{4) x R 8 cases, the spacetime metric can be written in 
Penrose coordinates and the space transverse to the null geodesic congruence is either 
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a Spin(7) or a G2 manifold, respectively. In addition the holonomy of the Levi-Civita 
connection in both cases is contained in Spin(7) x R 8 and in £77(4) x R 8 , respectively. 
In the G2 case, the spacetime is the product R 1,2 x B, where B is a G2 manifold. 

It appears that in many cases of interest, i.e. the cases for which the spinors have 
a non-trivial stability subgroup in Spin{9, 1) x £7(1), the IIB Killing spinor equations 
are tractable. In particular, one can easily solve the Killing spinor equations for any 
background that exhibits maximal supersymmetry with 77-invariant spinors for some 
H C Spin(9, 1). These include backgrounds with eight and sixteen supersymmetries. 
Another class of backgrounds are those that admit iV 77-invariant Killing spinors but iV 
is smaller than the number of 77-invariant spinors in the (complex) Weyl representation 
of Spin(9, 1). Many examples of such backgrounds are already known in the literature, 
e.g. [HI2Dlinil2ai21l21ll2Sl- To illustrate this further , there are four SU(A) x R 8 - 
invariant spinors in the Weyl representation of Spin(9, 1). So far the Killing spinor 
equations have been solved for one such Killing spinor and for all four Killing spinor. 
However, two more cases remain to be tackled, one with two and the other three Killing 
spinors. For such backgrounds, the Killing spinor equations do not factorize. So it is 
expected that these backgrounds will exhibit a more involved structure. Nevertheless, 
the machinery is in place to investigate all supersymmetric backgrounds. 
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Appendix A Spinors 
A.l Spinors from forms 

It has been known for sometime that spinors can be described in terms of forms, see 
e.g. |26( 1771 128j . In particular, the description of Spin(9, 1) spinors in terms of forms used 
in the context of IIB supergravity can be found in Here for completeness, we shall 
briefly summarize some of the key formulae. For a more detail account see j3] . 

Let U = R < ei, . . . , e 5 > be a vector space spanned by e\, . . . , e 5 orthonormal vectors. 
The space of Dirac Spin{9, 1) spinors is A c = A*(U ® C) . This decomposes into two 
complex chiral representations according to the degree of the form A+ = A cvcn (U <8> C) 
and A~ = A odd (£7 ® C). These are the complex Weyl representations of Spin(9, 1). The 
gamma matrices are represented on A c as 



where j is the adjoint of A with respect to the auxiliary inner product <, >. The gamma 
matrices have been chosen such that {T^; i = 1, . . . , 9} are Hermitian and Tq is anti- 



-e 5 A 77 + e 5 j?7 , T 5 n = e 5 An + e 5 jn 
eiAn + e^n , i = 1, . . . ,4 
iei A n — iei^n , 



(A.l) 
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Hermitian with respect to the (auxiliary) inner product 

5 

<z a e a} w b e b >=Y,(z a )*w a , (A.2) 

a=l 

on U®C and then extended to A c , where (z a )* is the standard complex conjugate 9 of z a . 
The above gamma matrices satisfy the Clifford algebra relations T b + T^r^ = 2t]ab 
with respect to the Lorentzian inner product as expected. The Dirac inner product on 
the space of spinors A c is D(r), 6) =< T r], 6 >. 

The Pin(9, 1) (Majorana) invariant inner product is 

B(r),e)=<B(r)*),e> , (A.3) 

where B = To6789- Observe that B(j],9) = —B{9,rj). It is well-known that Spin(9,l) 
admits two inequivalent Major ana- Weyl representations. The Majorana condition on 
the complex Weyl representations is imposed by setting the Dirac conjugate spinor to be 
equal to the Majorana conjugate one. Equivalently, one can impose the reality condition 
using an anti-linear map which commutes with the generators of Spin(9, 1) and squares 
to one. It turns out that it is convenient to chose as a reality condition 

T] = -T B( V *) , (A.4) 

or equivalently 

V* = ^ 6789V ■ ( A -5) 

The map C = T^gg is also called charge conjugation matrix. The reality condition can 
also be expressed as r\ = C * r\ = C(rf). 

The spacetime forms associated with pair of spinors rj, 6 are 

a( V ,6) = ^B(r ] ,r Al ... Ak 6)e Al A...Ae A * , k = 0, . . . , 9 . (A.6) 

If both spinors are of the same chirality, then it is sufficient to compute the forms up to 
degree k < 5. This is because the forms with degrees k > 6 are related to those with 
degrees k < 5 with a Hodge duality operation. The forms of middle dimension are either 
self-dual or anti-self-dual. 

To solve the Killing spinor equations, it is convenient to use an oscillator basis in the 
space of spinors A c . For this write 

1 11 

r« = -j=(r a + iT a+5 ) , r ± = — (r 5 ±r ), r Q = — (r a -«r Q+5 ) . (A.7) 

Observe that the Clifford algebra relations in the above basis are T^r^ + T^r^ = Iqab, 
where the non-vanishing components of the metric are g a a = S a §, g + _ = 1. In addition, 
we define T B = g BA T A - The 1 spinor is a Clifford vacuum, r„ 1 = T + 1 = and the 
representation A c can be constructed by acting on 1 with the creation operators T a , T + 
or equivalently any spinor can be written as 

5 



k\ 

k=0 



i.e. r ai '"°*l, for k = 0, . . . , 5, is a basis in the space of (Dirac) spinors. 
9 In |S] we denote the standard complex of r\ with fj instead of ij* that we use here. 
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A. 2 Spacetime form bilinears and GVinvariant spinors 

The GVinvariant spinors are linear combinations of 1, eu34, £\b and e 23 4 5 spinors. Here 
we compute the spacetime forms associated with all the pairs of the these spinors. In 
particular, we have the one-forms 

^(ei234, 1) = e° - e 5 , 

e 23 45) = -e 1 - ie 6 , K(e 12 u, e 15 ) = -e 1 + ie 6 , 

/t(e 2 345,ei 5 ) = e° + e 5 , (A.9) 

the three-forms 

£(ei234, 1) = i(e° -e 5 )Au, 

£(Mi 5 ) = x, 

C(l,e 2 34 5 ) = i(e l + ie 6 ) A Co + (e 1 + ie 6 ) A e° A e 5 , 
C(ei234,e 15 ) = -i(e x - ie 6 ) A £ + (e 1 - ie 6 ) A e° A e 5 , 

C(ei234, e 2 345) = X* 

C(e 23 45,ei 5 ) = i(e° + e 5 ) A ^ - i(e° + e 5 ) A e 1 A e 6 , (A.10) 



and the five-forms 



r(l,l) = (e°-e 5 )A X , 

r(e 1234 ,ei234) = (e° -e 5 ) Ax* , 

r(ei234,l) = --(e°-e 5 )wAu, 

r(l,ei 5 ) = -X A [e° A e 5 + ie 1 A e 6 ] , 

T(l,e 2 345) = (e 1 + ie 6 ) A [-a; A Co - iCo A e° A e 5 ] , 

2 

i"(ei234, ei 5 ) = (e 1 - ie 6 ) A [-Co A a) + iCo A e° A e 5 ] , 

r(ei2 34 , e 23 4 5 ) = X* A [-e° A e 5 + ie 1 A e 6 ] , 

T(e 23 45,e 15 ) = (e° + e 5 )A[--uAw + wAe 1 Ae 6 ] , 

r(e 15 ,e 15 ) = (e° + e 5 ) A (-e 1 + ie 6 ) A X , 

r(e 2U5 ,e 2U5 ) = — (e° + e 5 ) A (e 1 + ie 6 ) A x* , (A.ll) 



where 



= e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 , 

x = (e 1 + ie 6 ) A (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ) , 

Co = e 2 A e 7 + e 3 A e 8 + e 4 A e 9 , 

x = (e 2 + ie 7 ) A (e 3 + ie 8 ) A (e 4 + ie 9 ) . (A.12) 

Observe that k(9, rj) = n(r], 9), £(0, rj) = —£(77, 9) and t(9, rj) = r(r], 9). We use the above 
expressions to compute the spacetime form bi-linears of Killing spinors. 
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B Backgrounds with a ^-invariant Killing spinor 



B.l Preliminaries 

In this appendix, we give the details of the derivation of the conditions on the geometry 
and fluxes imposed by the Killing spinor equations for backgrounds with one (^-invariant 
Killing spinor. The conditions we derive on the geometry have already been summarized 
and investigated in section two. The calculation is performed by decomposing the ge- 
ometry and fluxes in SU (3) C G2 representations. Because of the self-duality condition 
of the five-form flux F, no all components of F are independent. To determine the inde- 
pendent components of F, we write the self-duality condition in £77(3) representations. 
In particular, we find the following relations (up to complex conjugation): 



r llpip2P3 
^lpiP2P39 

*lpiP2qiq~2 



Ip9i9293 



P1P2P39192 



+ 



\-r 

imp 



r hpiP2P3 J 

~^9q[piFp2\- 
1 

2 6 piP2P3 e q 

[9p2qi9piq2 ~ ypiq\yp2q2> 1 ' — hlr 

9p2q\F — hl<?2Pl ~l~ 9p\q2.F — \-\q\P2 

— c- - c flf2 W 

2 9l 9293 t P c — hlrir 2 j 

t piP2P3 t qiq2 r — hill 5 



x HpiP2<? ) 

+lrir 2 ) 
9p\q\ 9p2 > 



9p\q\F hl?2P2 9p2q2^~ 



+3.91P1 > 



and 



1 +p\P2P3q 

-^+PlP29l92 



f 1P1P2P3 

TP r 
r +lpr 

y +lp9l92 



p e J^TP - 

2 c piP2P3 c <? 1 +llrira ' 

(^Pl 91 5^292 — 9p2qi9piq2)F+llr 
5 , P2?i-^+llpi92 + 9piq2-^+llp2qi 

0, 
0, 

77? r 
9p[q~i-r q~2]+lr > 



5 , Pi<?i-^+llp292 



9p2q2-^+Upiqi J 



(B.2) 



and 



1 -P1P2P39 


2 PiP2P3 c g 1 -Hnr2 ' 


F 

1 -P1P29192 


(fl l pi9lfi , P292 9p2q±9p\q~2)F—l\r 
~ 9p2qi^-llpiq2 ~ 9p\q2^ -llp2q\ 9p\q\F- 


F-lpiP2q 


9q[pi^P2\ — Ir 1 


F—lqr 


= 0, 


F— 1919293 


= . 



D292- r -llpi9i J 



(B.3) 



The components -F+ig ig - 2 g 3 an d -^-ipip 2 p3 (and their complex conjugates) are not con- 
strained by the duality. Our strategy is to simplify the linear system obtained from the 
Killing spinor equations by first re- writing terms of the type F±i piP2PZ , Fn piP2q -, Fi piP2P3q -, 
-^ipiP29i92; -^ip9i9293 an d -^Pip 2 p39i92' an d their complex conjugates, which appear on the 



ipiP2' F—+ipq and F. 



left- hand- side of (jB.l|) in terms of F_ +PlP2P3 , F_ +piP2q -, F. 
their complex conjugates. Similarly, we use the equations (jB.2J) and 
for the fluxes that appear in the left-hand-side into the linear system. 



and 



19192 

HI) to substitute 
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B.2 The linear system 

Setting e = /(l + 61234) + (ig / \/2)T + (e\ + 6234) into the Killing spinor equation (|2.2j) . 
where / and g are real functions, and using the basis in the space of spinor given in 
appendix A, we obtain from the algebraic Killing spinor equations the following linear 

system 

f(Pp + 4^-+? + 1^Pi q + ~^G p n - -e p qr G qrl ) + - -G qr -e qr p ) = , (B.4) 



f{P x + + ha u < + ^234) + ig{-P- + \g.* - ic_u) = , i B..-) ) 



/(A + \G- + i ~ ~<V + \G m ) - ig(P. + " jG-n) = , (B.7) 

f(P+ + + + ig{P! - ~G X / - + ^234) = , (B.8) 

f(P+ ~ \G +P P ~ \G +ll ) + ig(P 1 + lotf ~ \Gl+- + \g- 2M ) = , (B.9) 

f(G +Pq + e p {G +rl ) - igG m + 2ig(P r + ^G rs s - ~G r ii - ~GV + -)e r M = , (B.10) 
and 

f(G+i P - \ep qr G +qr ) + 2ig(-P p + ^G pq q - \c pll + \g p+ ^ + \g v1 <? p ) = . (B.ll) 

Next we turn into the Killing spinor equation associated with the supercovariant 
derivative (|2.1jl . In particular the linear equations associated with V p e = are 

+\c pq q + \g p1 i + \g^ +p ) + ig(n pA _ + %F pX _ q - = , (B.12) 



f{^p,qiq2 2ig p [ qi Fq 2 ] — \- r 2ig p [ qi F q2 ] — + 2%F p — \- qiq2 + ^G pqiq2 ^9p[qiGq 2 ]r 

~ ~^9p[qiG q2 ]ll — ^9p[qiGq 2 ] — (- — ^p,lr e 9192 — ~^G p \ r e qiq2 ) 
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+ig(2iF P q 1 q 2l - + -gpfrGq^i- + (ft p , r - - -G pr -)e r q iq - 2 ) = ,(B.13) 



f(^p,iq + iF_ +lr r g pq - + 2iF p _ +1 q + -G pl q + -g P qGi r r + -(? p gG' 1 _ + 
— 2^P,rir 2 e rir2 g — ^SpqGW) + ig(—Q Pt q- — iF- r r iig P q + 2iF pq - 1 i_ 

+\ G P9- ~ IdpgG-Z + gfc*Gn-) = , (B.14) 



1 1 1 1 - - 

n 9 n _ j n 1 at? -_ _ ^9192 1 , q\q2n._ _ \ 

g P9 g p11 8 p — l-i9i?2 fc p "i" g fc p ^19192^ 

+ig{-iF_ ll - qi q 2 e^ p - l -Gq iq2 -e p ^ + fi p>1 _ - l -G pl _) = , (B.15) 



I i 1 

+^(-^,51 + iF p q+-l + -F^ + lr r g p q - -Gpg! 

1 r 1 1 rlr2 1 

+ Y^5 , P5^1r r + Jg0pgG f l+- — ^^P,rir 2 e rir2 9 + gfip^GW) = , (B.16) 



/(^P,+I + l F P+lq q - \ G +Pl) + ^ + f (-^P,ll + + ^P/ 

1 1 1 

—iF- +pr r - iF p+ _n - -G pq q + -G p n - -Gp + _) = , (B.17) 



% - - 1-- 1 1 % 

J '(^P^ ' -^ + 119192 + Yg^ 91 92 ^91 92+ + 2^ p ' +1 ~~ g G +P^ + 2^ P5 ' 

% 1 1 1 X 

^gi^p 9192 F - +1 ^2 + Yg e p 9192( ^9i92i + 2"( — 2^ p,, " r ~^ 2^ p ' lT 

+^,+- + g<V - ±G plI - = , (B.18) 



and 



f{^F p +l qi q 2 + ^fl'p[giG ! <j2]l+ 2^ p ' +r6 9192 g^+P 7 * 6 9192) 
+^fl'(2^P'9i92 — ^-+P9l92 — iF-+r [q i gq 2 ]p + ^-+ll[gi5 , q 2 ]p — ^^P9l92 
+ gfi'p[9i ( ^92]r r - g^p[9i^g 2 ]ll + g#p[5l^«2]+- ~~ il^p^l ~ gGprlKgi^) = ■ (B.19) 

The linear equations associated with Vie = are 
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+^<V + + - 2*iW) = , (B.20) 

- iF lr _ a " - ^G lr _)e%- 1? - 2 = , (B.21) 
13 1 

+ig(-n ltq - + l -G lq -_ - {iF lrir2l _ + Ic rir2 _)e rir %-) = , (B.22) 

-2iF_ +25 4 - |C234) + ^1,1- - ^n-/ " - |gh_) = , (B.23) 

I i l 

+ig(-n liP1 - (-fii, rira + ^F lrir2+ _ - ic lrir2 )e rir2 p -) = , (B.24) 

+ 2^ 15 + f (~2 n1,11 + 2 fil ' + " + 2^" 
-^<V - - 2iF_ +234 - \g 2U ) = , (B.25) 

1 1 r 1 
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i 3 11 

+ 2^i»*i+- ~~ ~[Q^ lrl + 16^ rsS ~~ ~^QG r +-)t r q^) — • (B.27) 

The linear equations associated with V p e = are 

~\~g(Gp q 9 + Gpii + Gp_ + ) + iF_ + i qiq2 e qig2 p + -€p qiq2 Gi qiq2 ) 

+ig(^p,i- - \g p i- + iF_ llqiq2 e^ p - l -e p ™G qiq2 -) = , (B.28) 



/(n P,<2i<32 + ^^234 e pgi92 (^p,lr 

1 s 1 1 

— iF-+ls S 9rp + 21Fp — hlr)e r gig 2 ~~ ( — g9prGl s S + ~Gpi r + —g Pr Gi — h) 6 ^^) 

+^(^p,r- + WrpF-s S il + 2iFp rl i_ — -g pr G- s s — -G pr ^ + ■^g pr G 1 i_)e r qiq2 = , (B.29) 



f(^p,lq~^~ ^Gpi q (2^P> r l r 2 ^F~+s [ri9r2]p i>F_+n[ ri g r2 ]p -\- iFp_+ rir2 )€ q 

+ -^Gp q - - {iFp rir2l _ + i( ?p - ri G , r2l _)e rir %-) = , (B.30) 



-iF p _ +ll - l -G Pq q - - A G pll + - A G P . + ) + ig(n P:i _ - iF pl _ q - ±G pl _) = , (B.31) 



fic^Pi+q gG+pq ^F p+ i rir2 e 1 2 q ^Gi r +e pq ) + ig(^Q Pjq i ^G pq \ 
I % % % \ \ 

^ — Vt P)Tir2 + — F — y s [r 1 5 , r 2 ]p — ~^F — Y\\\r\9ri\p ~~ — y Pri r 2 ~ gG prir2 — — g pri G r2S 

1 1 

+ Y^9pr 1 G r , 2l i + —9pr 1 G r2+ -)e rir2 q ) = (B.32) 



lli 1 

./(^^P.+l _ g^+Pl _ ^P 9192 F+llq 1 q 2 + ~^G qiq2 + € qiq2 p) 

+\f>p9 + f + + 

+ iGp-n - iGp- + _ + ie p q ^F_ + - lqiq2 + = , (B.33) 
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and 



1 i 1 

2 %CJ 111 

+iF p+ _ ll + X -G n q - \c pll - hj^) = , (B.34) 



1 i 

f{— 2^P,+r ~ 2~9rpF + il q q + i-Fp +r ii 

1 1 i 

— ~^Gp r i — —9prGi s s + —9prGi + _)e r q-tqz) = . (B.35) 



The linear equations associated with Vie = are 



D-J + /(iflj/ + ^i,n + in If _ + + ±(<V + Gi_ + ) - 2^F„ +234 - \g 2U ) 

+ig(n- ltl - + iFn_,« + \g_* - \G- U _) = , (B.36) 



1 1 i 

/(^l,?l?2 + ^^19192 _ 2(-Qi )lr + -F_ +r / 

% 13 1 

+ 2^i-+i'*) er 9i52 — (g^rs S — -G rl i — -G r -+)e r q^) 

+ig(2iF lm2l _ + 7G 9 - 1? - 2 _ + (n- 1>r _ - -G lr _)e r m2 ) = , (B.37) 



- iiV/ + ^G Ip -_) = , (B.38) 



+^(-2iF I3 3 2 _ + = , (B.39) 



1 1 % 1 
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and 



^ 2 +pr 2 lp+_1 16 p 16 r 16 

~(^^l,r 1 r 2 ~~ Y^^lrir 2 ) e 2 p) = 



X % % X 1 X 

/(^i.+i + ^1+234) + \d 19 + 1 (--fii,!! + + 

■Hi^i+V - \Gi q q ~ \g~ 1+ -) = , 



1 i 13 

/(t^i.+i ~~ 2^ I+lpP ~~ 16 G+pP + 16 G+l1 ^ 
% X X X X 

+ 2 jD i5' + w{- iF -+2ZA - gC234 + ^(-t^i/ + 2^ 1,11 

+ ^ - 1g i+ _)) = , 



■ i„ . 1 



The linear equations associated with £Le = are 



+|G_/ + Jg_h + 2*F_ 1234 ) + = , 



/(n_, g - 19 - 2 +2^F_ 5l52lI + -G_ 



■9192 



"(^— ,lr iF—lrs )f <j! ij2 9192) ~l~ W^ 1 — ,r—£ q\q 2 j 



/(n.,^ + <F_ Ift ,« + l -G_ lp - ( V, 9l(?2 - iF_ qiq2ll )e^ p 

~G- 9iga ^ p )-igSl- fi - = 0, 



D-f + /(-^-/ - |n_ fli + ^_,_+ + iF_/ii 
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% 1 11 

^2^~ +lqiq2e9l92p + ~ypi qiq2 € qiq2 p ) + ^{-^-.pi - g^-pi 

- -^GL^e™,) = , (B.48) 



+ ^F-W - y Q Gi q q + + *F_+ 234 - iG 234 ) 

+^-5 + f + + " gGV + g^-il) = , (B.49) 



11 i 

f\i>F-+2Zi — ^^234 + -^-,+1 — --^-+lr r 

+ 16 lr + 16 +l) + 2 9 + ^ ( ~4 fi -- r + 4 fi -' lT 

+^-,+- + " ^_n) = , (B.50) 



and 



1 1 i i 

113 1 
-(y^G>/ + \Q Grl1 + ~[QG-+r)t r q^) + w(^-,qiq2 
I 1 1 

_ gG-gi52 - (~2^~' rl ~ 8^- rI ) er< ?i52) = • (B.51) 

The linear equations associated with V + e = are 

D + f + f{Ui + / + In +>11 + + + l -G +ll) 

+ig(n +tl - + iF +1 _,« - l -G lq q + |g + _x - 22F +234 - + ^G 234 ) = , (B.52) 



s 

-s 



+ig(2iF +q - 1 q 2 i_ — ^Gq x q 2 \ + (fi+, r - — i-F+r- 

3 11 
+iF +rl i_ — -G +r _ + gG>/ — gG rl i)e T q iq - 2 ) = , (B.53) 



11 1 

J \ ic +,lp ^ ^ + lp 2 + ' qiq2 P g Ur +9192 fc p) 
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3 

+ig(-tt+, p - - iF +p _ r r + iF +pll _ + -G+p- 

1 r 1 . 1 

+ Q^Pf ,r — a^pll ~~ (^+rir 2 l- — o^riral) 6 1 2 ?) = j (B.54) 



£>+/ + /(-^+/ - + - - 

+tg(-2tF +m _ + ±G m + - iF + i- q q + ~G lp p - ^G +i _) = , (B.55) 



f I i 



1 |"+,nt'2 i 2 + r i r 2ll 



-(j_l_ rir2 )€ 



nr 2 



(B.56) 



^n+ >+ i + l -D +g + ^(-in + ,n + ~o +>+ - + ijw 
1 „ „ 1 



-iiw 



_ G+ / + i G +1I + 2iF +234 i) = 



(B.57) 



+^+,+- " i F +n q q + \G +q q - \G+n)) = , (B.58) 



and 



/ r ■ 1 • 1 

1 i 1 

-(o^+.ri - 2 i?+rIsS ~~ 4 G +ri) er gi52) = • (B.59) 

All the above linear equations make the linear system associated with the Killing 
spinor equations of IIB supergravity for backgrounds with one GVinvariant Killing 
spinor. The task is to solve this linear system for the fluxes and to determine the 
conditions on the spacetime geometry. 

B.3 The solution to the linear system 

To proceed, we shall obtain equations from which the G-fTux has been eliminated, and 
then simplify these further to obtain constraints on the geometry. 
In particular, take ()B.57|) + (jB.58|) to obtain 

+ + iD + g + ig(-iF +1Iq * + iF +2m + iF +mi + ^+,+-) = ■ (B.60) 
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From the imaginary part of this equation, we find 



d+g + 7^+,+- 

Similarly, take (lR44|l + (pTf|) to obtain 



. 



(B.61) 



2D_f + /(«_,_+ + 2iF_n/ + 2iF_ 1234 + 2iF_ 1234 ) + ig{£l- 1- 
From the real part of this equation, we find 



= . (B.62) 



Next, take ^g[ Qj£^ + QE£fy ]-£[ fi£Eb + fl£5fy ] to obtain 



(B.63) 



2 fl 

gD_g -fD + f + ~ y^+,-+ " ~/<7(^-,+i + + + 

From the real part of this equation, we find 



gd_g - fd+f + 9 ^-, + - ~ y n+ r 



. 



Consider -2iq[ (lB35T) + (jB36l) +4 (lB32|) ]+2 f (|B~58|) to obtain 



. (B.64) 



(B.65) 



2^ + 2g 2 (-n 1 ^ + + - 2zF_ +234 ) + / 2 ^ + ,+i 



-ifl-<9+/ + ifd + g + ifg(£l 1+ i + - +)P 



. 



(B.66) 



Also take the complex conjugate of -2?;q[ (lB~4T|l + (lB^2|l + 4 (|B~55l) ]+2 f (IB37|) to ob 



tain 



1 



1 



2gD l9 + 2(/ z (~fi 1>+ - + - + 2zF_+ 234 ) + .f fi+.+i 

+ igd+f - ifg(Sl lt+ i + ^i,+i 



. 



Considering the sum of (jB.66|) and (|B.67|) . we find 
Take /[ (|BISDt + jBI25t -2 |BI53 ]+ig |B3^ to find 



(B.67) 



(B.68) 



2fDJ + / 2 (fti,_+ - + 2zF_ + i/ - 4zF_ +234 ) - ^ 2 ^-,i- 



p2/r> ( ■■> o : / ' P 

+ z'#9_/ + ifg(^i,i- + + fi-/ + 0-,-+) = . (B.69) 
Next consider the complex conjugate of f [ (lB36|) + (lB31) -2 (lB^^ ]+?;q (lB^47l) to find 
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+ifd_g - igd^f - ifg(Q ltl - + + Q_/ + = . (B.70) 

Take the sum of ()B.69|) and ()B.70|) to obtain 

2fdJ + / 2 (Qi,-+ - - <7 2 fi_,!_ = . (B.71) 

Next take the sum (jB.17j) + (jB.18j) . consider the dual of (jB.53|) and use this to eliminate 
the G pq q dependence. Then take the dual of (jB.59|) to eliminate the remaining G-flux 
terms to obtain 



2gD p g + g 2 (Q p , + - + Q + , p . + 2iF_ +llp - 2iF_ +pg q + 2iF_ +lqiq2 e q ^ p ) 

+f 2 n + , +p - if g (n p , +l + n p+1 - n +lp - n +pI + n +qiq2 e™\) = o . (B.72) 

Also take the complex conjugate of -2ig[ $B^ + $E^ -± $Ej^ ]+2f $E£$ to S et 



2gD p g + g 2 (n p , + _ + - 2zF_ +1<M2 e 9l % + 2iF_ +pq * - 2iF_ +lip ) 

+fn + , +P + ifg(n Pj+1 + n p>+1 - n +jlp - n + , pI + Q + , qiq2 e q ^ p ) = . (B.73) 

Next taking the sum of (jB.72j) and (jB.73|) . we find 

2gd p g + g 2 (Q p ,+- + Q+, p -) + f 2 Q + , +p = . (B.74) 

Consider also the sum (jB.12|) + (|B.15j) . Use the dual of ()B.51|) to eliminate the G pq q 
dependence and then use the dual of (jB.45|) to remove the remaining G-flux terms. This 
leaves 



2fD p f + / 2 (ft p ,-+ " + 2tF. +lqiq2 e^ p + 2iF_ +pq q + 2iF_ +llp ) 

- g 2 n_^ + if g (n pA „ + n p>1 _ - n_ tPl - n^ lp + si^ M2 e™%) = o . (B.75) 

Also take the complex conjugate of f [ (lB~2^ + (P^ -2 (lB^ ]-iq (lB~46ll to get 



2fD p f + f 2 (Q p ,- + - n_ t+p - 2iF_ +p * - 2iF_ +pll - 2iF_ +lm2 e^ p ) 

- g 2 n_^ - if g (n p>1 - + o p>1 _ - n_, pI - n_ >lp + n_ 4iq2 e q ^ p ) = , (b.76) 

Taking the sum of (|B.75J) and ()B.76|) . we find 

2fd p f + f 2 (Q p ,- + - Q-, +p ) - g 2 Q-, p - = . (B.77) 
Next consider the complex conjugate of f (jB.41|) -y (jB.39|) to get 

/ 2 (~^i, + i + iF +im ) + g' 2 (— -^1,-1 + iF_ 12U ) 
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-\{fd x g - gd 1 f) - l -fg(-n 1>g « + 1>+ _) = 



Also take f (lR26l) -f (lR20l) to get 



(B.78) 



iF, 



1234J + 9 



— fii-i 
2 ' 



iF_ 



1234; 



+\(fdig - gd x f) + \fg{-U^ + n 1>+ _) = 



Taking the sum of (|B.78|) and (|B.79[) . we find 

/ 2 fi li+1 - flr 2 ni,_i = . 
Next take ^ (lB33l + (lB3oT) ]-2 f [ (lB^ + (lB^ ] to obtain 



(B.79) 



(B.80) 



ig(dif + d-J) - if (d^ + d- l9 ) - g 2 {n i:i _ + - 2iF_ llq q 



ii q -,+ifg{n-iJ -n 1>p p + n x> 



••/ 2 (^,.., • <>,..;• ' 
From the real part of this expression we get 



(B.81) 



/(a_i + o I) _ 1 )-/ 2 (a + i + fii, + i 







(B.82) 



Next take iq (|B~T2|) -2 f (IB~T8j) . By taking the duals of (|B~2T| and (|B~27)l . one can 

eliminate the G-flux dependence from this combination to obtain 



Kgd P f - fd p g) - g 2 (n p ^ + - 2iF- lpq ") 



+if g (n P:q q + n p> 



~f (^p,+l + ^1,+p + 2^+11(7! g 2 e 



9192 



<?1<?2 1 



c9l<?2 



^l,lp - ^1 



. 



(B.83) 



Also take the complex conjugate of ig[ (jEHI} - (iEM|) ]-2/[ (|ESHl) + (iE30|) ] to obtain 



i(fd p g - gd p f) - g\n p<1 _ + fi 1(P _ + 2zF_ 



lpg 



-ifg(Q Ptq q + — 



.9192' 



C <?1<32 



. 



Considering the sum of (|B.83J) and ()B.84jl we get 



(B.84) 



g\n Pi _i + n lt _ p ) - f(n p , +1 + n h+p ) = . (b.85) 

Next take ia ^BA^ -2 f (lB~T7|) . By taking the dual of pO?]) and f|BT43^ one can remove 
the G-flux dependence from this combination to obtain 



i{gd p f - fd p g) - g 2 (n pri _ + fi ijP _ - 2iF„ llm2 e^ p ) 

-f 2 {n pM + n l>+p + 2iF +lpq q ) 
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+if 9 (-n Ptq « + n p ^ + - n Up - n I>pl + n Iqiq2 e^ p ) = o . (b.86) 

Also take the complex conjugate of zq[ (lR28ll - (lR22ll ]-2 f [ (lR34|l + (lR24l) ] to get 

- t(gd p f - fd p g) - g 2 {%,^ + Q- 1>p _ + 2iF_ llqiq2 e™\) 

-ifg{-n p>q q + fi Pj _+ - - n IipI + ^1^%) = . (B.87) 
Taking the sum of ()B.86|) and ()B.87|) . we find 

S 2 (ft p ,_i + - f\%,+l + fil,+p) = • (B.88) 

Next take / ()B.19|) + y (jB.13j) . Take the dual and then symmetrize over the two free 
indices to obtain 



f 2 i — O — O J_ ?'F - _ _ c9i92 \ AT? _ _ _ ^91 92 \ 
J \ ic "P,+q i6 9>+p i 61 + Ip9l92_ _ 9 ' 61 + l99l92_ _ P/ 

-0 2 ffi + Q - ?F 1 - - f 9192 - ?'F i - - f 5l?2 "1 

i/ ^ 6 P,9~ ^ J 6 9,P~ LL —tV1\p._ 9 ' -l99l92 c PI 

+ifg(-tt p , q i - tt q ,pi - Opto - V q ,ip + n pm2 e^ q \ + n qM2 e^ p ) = . (B.89) 

Also take the complex conjugate of -iq (jB.30|) -2 / (|B.32|) and symmetrize over the two 
free indices to get 



- o 2 (fl + f) 4- ?F i - - e m2 4 ?F 1 - - f 9192 ) 

i/ V i6 P,9— ^ iL q,p— ' 01 — Ip9i92 c q ' i± — l<J<Ji<J2 c P/ 

_|_f 2 |'_0 _ O _ - ,r9l92 _ VP - _ /r91 92 N 

>J \ i6 p,+9 i6 9.+P " +1P9192^ 9 61 +l99l92 t PI 

+ifg{n pM + + Q p>ql + {l q , pI - Sl pqiq2 e™\ - n qqiq2 e^ 2 p ) = . (B.90) 
Taking the sum of (IB~89|) and (lB~90j) . we find 

g 2 (n p ^ q + fi 9 ,_ p ) - f(Sl p , +q 4 Q q , +P ) = . (B.91) 

Next consider the combination zo ([B.14[) 4-2 f (JB.16|) . By comparing with the dual of 
zq (jB.29j) 42 / ()B.35|) . the G-flux terms can be removed to obtain 



g 2 {tt p , q - 4 tt q>P - 4 2ig pq F_ 1 i r . r - 4:iF_ lipq ) 

+ / (^p,+9 + ^9,+p + ^gpqF+ll/ ~ ^iF+llpq) 

~^~^f ' g(S^p,ql ^p,l q Qq,lp ^q,pl ^p,r\T2^ q ^9,fif2^ p) • (B.92) 

Take the complex conjugate of (jB.92|) . swap p,q and add the result to (jB.92|) to 
obtain 

f 2 (n Pt+q + Q q>+p ) - g 2 {tt P) - q 4 tt q> - p ) = . (B.93) 
This completes the first phase of solving the linear system. 
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B.4 Fluxes and the solution to the linear system 

There are eleven types of G-flux terms with one free holomorphic index: G-i p , 
p - p P - P - P i P c5i<?2 p e QiQ2 p e qiQ2 arir \ p~_ _ e qiq~2 

yjr — lpi v - JT +lp> ,J '+lp) "llpj ^pq > KJ — qiq2 t - Pi UT +<?l<?2 t Pi UI l<?l<?2 t pi < iiL ' J - KJ lqiq2 t - P m 

These terms are constrained by sixteen equations (|B.6|) . (jB.lOjl . (|B.12j) . (|B.15j) . (|B.17j) . 
(|B~18jl . (IB~2T|) . (|B~27|1 . (JR37|), (JESJ), (|B~45j) . JEST}, (IB~53|) . (IB~59|) and also the dualized 
antisymmetric parts of ()B.30|) and ()B.32j) . Only ten of these types of G-fiux terms 
are constrained by these equations, one must remain arbitrary. There are also six G- 
independent constraints. 

It is straightforward, but tedious, to show that, taking Gii p to be arbitrary, then 



G_ +p = 2g 2 f- 2 Q_^ - if-\gtt_, m2 e^ p + 2gQ p ^ - 2gQ_ Ap + 2gQ pA _ - 4iD p f) 
- P P - 2fi Pi -+ - 2iF_ +pq q - 2iF_ +lip - 2iF„ +lqiq2 e^ p , (B.94) 



G-ip = igf-^-,p- ~ \g-\2gn p ^_ + 2gQ p>1 . - AigF_ llM2 e™\ - 4iD p f 
2gSl qxM _e^\ + AigF-i,* - + 2gQ_ >lp - iigF„ lpg «) 

- l -fg-\ - QiF_ +llp - 2iF_ +lqiq2 e q ^ p - 2iF. +p * + P p - 2ft p ,_+ 

- G llp + 2fi fli9 - 2l e^% - 2n q> %) , (B.95) 



G-i p = -igr l ^-,p- ~ l -g-\-2g^ q2 .e^ p + 6 5 fi PjI _ + 2gQ pA _ + UgF_ lp * 

SiD p f + gQ-^^p - 2gQ^ lp - AgQ 1>p _) - l -f g -\-2iF_ +llp - 6iF_ +pq q 

— fijP -_ _ ^9192 i oo_ _ -A\q% _ AC) _i_ on 9 _ on.? _i_ p - i p 

ut-i — hl<?i92 P ' 9l,<?2l P Pi — I - ' ^^ L p,q ^ iL q, p "T" '-Jllp ~T~ -i p 

- 4n Up + 2n I:qiq2 e^\ + 2n p , 1I ) , (b.96) 



G+i p = «? 3 r 3 5^,p- - ^/- 2 (-8^F_ lp9 9 + 2 9 n p - 1 _ - AiDpf + 2gQ p ^ + 4#ft 1)P - 
2 9 n quq2 _e^ p + AigF_ lpq q - g^ Mq2 e q ^ p + 2gQ_ >lp - UgF_ llM2 e M2 p ) 
+ % -r\-AD p g + 4pft P) _+ + 2igF. +pq q + (?G 1Ip + gP p + + 2^ 1><hg - 2 e 9 ~ 1 % 

- 4<A, lp - 2^fi p>li + 6z^F_ +lip + 2z^F_ +i5l52 e 5l52 p - 2^.521^% + 2 9 n q> %) 

- 2^ +1 -2zF +llqiq2 e q ^ pj (B.97) 



G + i p = - ig 3 r 3 - l -gr\-AigF_ llqiq2 e^ p + 2gQ p ^ + 6gQ p j_ + gQ^ 2 e^ p 

2g^, lp - 2 9 n quq2 .e^ p + tigF-ipf - 8iD p f) + l -f-\-AD p g + Qg^_ + 

+ gP p + 2igF. +1Ip + 6igF^ +pq q + 6igF„ +lqiq2 e q ^ p - gG llp - 2g^l- qi - q2i S^ p 
+ 2gn q q p - 4gSl p J) - 2iF +Ipq q - 2fi p>+i , (B.98) 
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G pq q = 2if-\-2igF_ llqiq2 e™ p + 2gQ pri _ - 2iD p f - gQ quq2 _e q ^ p + 2igF__- lpq q ) 
+ 4iF_+i qiq2 e qiq2 p + 2Q p _ + — 2Vt p l i + AiF_ +l i p — 2Vt PA q — 2Vt qiq2 ie qiq2 p 
+ 2Q ? -%, (B.99) 



C- g - 1? - 2 e 9l9 % = -2igf- l ^-, P - ~ g-\gn-, qiij2 e q ^ p - 2«?ft_, lp + 2gQ p ^ + 2gQ Pil _ 

- 2gn qu - q2 .e q ^ p + 4igF_ lpq * - AiD p f) - ifg-\-6iF_ +llp 

- 2iF_ + - lqiq2 e^ p - 2iF_ +pq q + P P - 2fi Pi _+ - G llp + 2Q qi ^ q \ 

- 2n q q p ) , (B.100) 



G +qiq2 e™ p = -2ig*f-*n_, p _ - g 2 f- 2 (-2Q p ^ + 2Q P<1 . + 2Q quq2 .e q ^ p - 4iF_ lpq q 

+ Q-, qiq2 e q ^ p - 2fi_, lp + AiF_ llqiq2 e q ^ p ) - if- 1 (-2gQ Pt . + 

- 2gn quq2l e q ^ p - 2igF_ +pq q + 2tgF_ +Iqiq2 e q ^ p + 2igF_ +llp + gP p 

- gG llp + 2gn q q p + AigF_ +lqiq2 e qiq \ - A g n p / + AD p g) 

- 4fi Pi+1 - 4tF +1Iqig2 e q ^ p , (B.101) 



Gi qiq2 e qiq2 p = -2g 2 t 2 Sl-v- ~ if'^SigF^ + 2gQ pri _ - AiD p f + 2<?Q p ,i- 

+ 4<?Q 1;P _ - 2gtt quq2 _e qiq % + 4tgF_ lpq q - g n_, qiq2 e qiq \ + 2gQ_ Ap 

- UgF.^^%) ~ 2^V+ + 2n guq2l e q ^ p - 2n l4iq2 e q ' q \ - 2iF_ +pq q 

- 2iF_ +lqiq2 e q ^ p - 6iF_ +llp + P P - Gu P ~ 2Q q q p + 4fi 1)lp 

- AiF_ +lqiq2 e q ^ p , (B.102) 



Gi^ 9i92 p = ~2g 2 r 2 n-, P - + if-\-^l, P - + g£l_- qiq2 e q ^ p - 2<?ft_, lp + 2gQ pA _ 

+ AigF_ llqiq2 e q ^ p + 2tfl Ptl _ - 2gSl- qiM _e™\ + 4igF_ Ipq * - UD p f) 

+ 6iF_ +pq q + 2tF_ +Iqiq2 e q ^ p - 2tt- hqiq2 e q i q2 p + 2iF_ +llp + P p 

+ 2fi Pi _+ + 4n Up - G llp - 2n quq2l e q ^ p + 2Q q q p . (B.103) 

We also get with the G-independent constraints 



gf 1 (gtt p ,i- + g&i, P - - 2igF- lpq q - iD p f) + i(gVL p / + gVt p _+ - gVt hp i - 

+<7fii,fc«e , ~ 1 % - gn 1Ap ) + + fii, P+ - 2tF +1Iqiq2 e q ^ p ) = , (B.104) 



lgf-\- g n^_^ p + 2igF_ lpq q + 2 9 n pri _ - 2igF_ lUl ^ p - 2 ?J D P /) 

- l -(-2D p g - g n quq2l e q ^ p - 2tgF_ +Iqiq2 e q ^ p + 2g£l pA q 
-2igF_ +lqiq2 e q ^ p - 4igF_ +llp - 2gQ q q p + gtl^e™ p ) 
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+f(-l^m+^% + iF +llm2 e^ p - iF +lpq q + Q Pi+1 ) = , (B.105) 



- gr\g^i, P - + g%.i- - 2igF__ llqiq2 e q ^ p - iD p f) 

-i(gQl iP l + gtt Piq q - g£l P -+ - gil- hqiq2 e qig2 p + gQi Ap + D p g) 

+/(-fi Pl+ i + - 2iF +lpq q ) = , (B.106) 



- g 2 f ^-.p- + i{-2iD p f + gtt Pj i- + gttp,i- 
-g£l-,i p + gtt-, qiq2 e qiq2 p - g£l- tP i) 
+/(0 P ,_ + - fi_, +p + 2zF. +Iqiq2 e q ^ p + 2iF_ +pq q + 2iF_ +llp ) = , (B.107) 



2^ 3 r 2 ft-, P - - gf-\2gn p ^ + 2gn pri _ + 5 fi_, M2 e 9l % - 2gQ^ p - UD p f) 
+2i0(ft p ,_ + + ^+,p- + iF_ +lqiq2 e q ^ p + tF. +lqiq2 e q ^ p + 2tF_ +1Ip ) 

+f(n +<qiq2 e q ^ p - 20 +>lp ) = , (B.108) 



- s 4 r 3 ^-, P - + l -g 2 r\2gtt p ^ + 2gSl Ptl _ + g n_, qiq2 e q ^ p - 2gQ^ lp - UD p f) 
+gf- 1 (igF_ +Iqiq2 e q ^ p + 2igF_ +pq q + 2gQ p ^+ - 2D p g - tgF_ +lqiq2 e q ^ p ) 

+ l -g(2VL Pt+l + 2Q +rip + Q^ qiq2 e qiq2 p + 2Q Pj+1 ) - fQ +j+p = 0.(B.109) 

The conditions (IB.l()4jl . f|B. 105(1 . fjB. 106(1 . ([B.107]) . (|B.108j) . (IB.109() imply (JEHSj), 

(1B~Y5|1 . (jB~83j) and f|B~86|l. 

There are also eleven types of G-flux terms with one free anti-holomorphic index: 
H C C -- C C -- C -- C - i C e iiQ2 _ n e qiq2 _ n e qiq2 _ artr \ 

1 - r — +pi — lp, lpi w+lpj i ~ T +lpi "lip) ^pq ) , - T — <Ji<?2 t p, u '+9ig2 t p, "19152 P' clliu 

Gi qiq2 e qiq2 p. These terms are constrained by sixteen equations (|B.4|) . f)B. 1 1 j) . ()B.22|) . 

(IB341 . E2EJ), (EH) , (ESI, (JE31, (1b~38Ji, (lB~4oj) , dB~l6li . EH, Ell, EH) and 

also the dualized antisymmetric parts of ()B.13|) and ()B.19|) . Only ten of these types of 
G-flux terms are constrained by these equations, one must remain unfixed. There are 
also six G-independent constraints. 

It is straightforward, but tedious, to show that, taking Gi\ p to be arbitrary, then 



G. +p = 2g 2 f- 2 n_, p _ - tf-\2gn p .^ + g^ mq2 e q ^ p + 2gQ Pt i_ - 2gQ^ ip - UD p f) 
- P P - 20 p -_+ - 2tF_ +lqiq2 e qiq2 p + 2iF_ +llp + 2iF_ +pq q , (B.110) 



G- lp = -igf 1 Q.^ + lg 1 (2^ gi , 92 _e 91 %-6^ p - 1 _-2^pj_ + 4^F_ 1) ,, ; 



8iD p f + 4gSl 1>p _ + 2gQ_ rip - gQ-, qiq2 e q ^ 



pi 
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-fg-\2iF_ +llp - 6iF_ +lqiq2 e™ p + 6iF_ +Pq q + P P + 2Q hqiq2 e q ^ p 

— 90- 1 — AO- _l_ 90 ,^1*2 /nr _ _ of) <?_ 

- 2ft p - 1T - 4fi 1>Ip -) , (B.lll) 



C-ip- = -gf-^-v- + -( ? - 1 (-2( ? fi p - i_ - 2gQ_ rip + AigF_ lpq q + g^ mq2 e q ^ p 

- 2^,1- + 2«?fi (Z1 , (Z2 _e<' 1 %- - AigF_ llqiq2 e™ p + AiD p f - AigF_ lpq q ) 

- l -fg-\-2iF„ +lqiq2 e q ^ p + 6iF_ +llp + 2iF. +Pq q + P P + G llp 

- 2Q q q p -2Q p ^ + + 2Q quq2l e qiq2 p ) , (B.112) 



G +lp = -ig 3 f 3 0_, p -_ + -gf 2 (-6gtt PA - - 2gQ p ^ + 2gQ_ rip + AigF_ lpq q 
gSl_ mq2 e™ p - AtgF_ 1Iqiq2 e q ^ p + 8iD p f + 2 g n quq2 ^ p ) 

+ l -f-\-2igF_ +llp - 6igF^ +Pq q + gG 1Ip + 6igF_ +lqiq2 e™ 2 p + gP p 

+ 2gQ q q p + 6gQ p ,-+ - 2gQ qiml e qiq2 p - AD p g + AgQ Pyq q ) 

+ 2tF +lpq q -2Q Pt+1 , (B.113) 

G + i p = -g 3 f- 3 Q-, P - + ±gf- 2 (-2 9 n Pil _ - 2gQ_ rip + AigF_ lpq q + gQ_ mq2 e q ^ p 

- 2gVt p ^ + 2gVL qim „^ p - AtgF_ llqiq2 e q ^ p + AiD p f - AgQ- ltP _ - 8igF_- lpq q ) 

+ l -r\2igF_ +lqiq2 e q ^ p - 2igF_ +Pq q - 6igF_ +llp + 2gQ q q p - 2gO: quq2l e q ^ p 

- AD p g - 4(?Q I)Ip - + 2gtt UlQ2 e q ^ p + 2gQ Pill - gG llp + gP p + AgQ P: _ + - 2gQ p /) 

- 2Q Pt+l + 2iF +llqiga e™ p , (B.114) 



G pq q = 2if-\-2gn p ^ + g n qim .e q ^ p + 2iD p f + 2igF_ lpq q - 2igF_ llqiq2 e™ p ) 

— 2Vl P) — 1_ — AiF — hi<jig2 e<?l92 p + ^F~+iip ~~ 2^ g , 9 p + 2Q qiyq2 ie qiq2 p 

- 2Q Ptq « - 20 p - n , (B.115) 



G- qiq2 e qiq2 P = ^igf- 1 ^-^- + g-\-2gn p ^ + 2gQ_ rip + AigF_ lp q - gQ_ mq2 e q ^ p 

- 2gn PA - + 2 9 n quq2 .e q ^ p + AiD p f) 

- ifg-\2iF_ +Pq q + P P - 2tF„ +lqiq2 e q ^ p + G llp + 6*F„ +li p 

- 21Vp - + 2fWe 9l %-) , (B.116) 



G +qiq2 e qiQ2 p = -2ig z f-^-,v- - ^T^p, I- " 2 ^-,1p + 4 ^-1pV + 
_ 20-, -1-20 f qiq2 AiF lT ^i92_\ 
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- if-\gP p - 2gttp,- + + 4D p g + gG llp + 2igF_ +lqiq2 e q ^ p + 2igF_ +Pq q 



9l92 



+ 2gtt q q p -2gn quq2l e' 
— 4Qp + j + 4iF +1 i qiq2 e qiq2 p , 



2igF_ +llp + 4igF_ +lqiq2 e qiq2 p + 4 9 a M 



(B.117) 



G 



I9192 



r 9l92. 



-2g 2 r 2 ^^ - tr\-2gQ pri _ + 2gQ_ rip + 4gQ hp . + AigF. 



Ipq 



+ 2iF_ 



c 9l92_ 



2gQ Pil _ + 2gn qim .e q ^ p + 4igF_ llqiq2 t q ^ p + 4iD p f) 



-1<?1<?2 ( 



c 9l92 . 



2Q r 



9i92 e 



9192 



lip ~~ 2iF_ +11 p 



+ 2ft, + 2Q p> _+ - 6iF_ +p / - 2^^% + , 



(B.118) 



G 



c 9i92 . 



i9i92 fc "-p = -2g 2 r 2 n-, p - + i/- 1 (-2^ ftI _ - 2«?ft_ )Ip - + 4^F_ lp V + «?ft_ )<M2 e 91 % 

2«?ft p - !_ + 2< ? ft gi , ?2 _e< Zl % - 4^F_ 1Igig2 e 9l % + 4^-/ - 4<A, p -_ - 8igF_ lpq q ) 
— 2Q P) — |- — 2iF — hi9i92 e9l<?2 p + 4f2jjp — 2Qi qiq2 e qiq2 p + 2ii^ — ^ Pq 

(B.119) 



— 2fi 9 - 



2n quq2l e q i q2 p + P P + G 1Ip + 6iF_ +llp - 4iF_ +lqiq2 e q p 



c9l92. 



In addition, we have the G-independent constraints 



^gf- 1 (2igF_- lpq q + g^ p _ + gSl Ptl _ - iD p f) 

1 

+ 2^ D p9 + 9^p, q q + 9^i,iP - gtti, qiq2 e qiq2 p + gQija - g£l p ,-+) 
+f(~2^ I ' p+ + 2^ p ' +l ~~ ^ +Il 9i92 e<?l92 p) = > 



(B.120) 



gf-\-2g^ !_ + ^Q 91i?2 _e 919 %- + 2iD p / + 2^F-i P V - 2tgF_ llqiq2 e q ^ p ) 



+-(2igF- +lq ,,,.,< 



+ 2<?Q,,%- + 2/^ + 2i<?F_ 



r 9l92 . 



-4:igF_ +1 i p + 2gQ Pjq q + gQ quq2 ie p 



l9l92 t P 

(192 _ 
P^ 



+/(iiW - iF +llqiq2 e q ^ p + fy+l - -5^,92+^%) = , (B.121) 



-gf-\2igF_ llqiqa e^ p + gQp,^ - iD p f + gQ hp _) 



+ 2 -(-g^P,~+ + 9^i,pi + 9^i,lp - gtti, qiq2 e qiq2 p - gn p>g q + D p g) 



(B.122) 



+^^-,9i92 e<?192 p + gtop,i- - gto-ja.) 
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+ l -f(-iQ^ +p + 2F_ +pq q + 2F_ +llp + zfi Pi „+ - 2F_ +1?l32 e«%-) = , (B.123) 



ig 3 f- 2 n^, p „ + i 5 /- 1 (2(/fip 1 i_ + 2(/fl ft i_ - 2^_ iIp - + <^_ i<M2 e 9l % - UDpf) 

~9{—F-+lq±q2 eqiq2 p ~ F-+lqiq2 e9l92 p + ^p,- + + ^+,p- + 2F_ +1 i p ) 

+/(-ia h9l92 e 9l %- + Q +rip ) = , (B.124) 



^ 4 r 3 ^-,p- - ^ 2 /- 2 (2^ P - 1- + 2gQ Pil _ - 2 9 n_ rip + ^_, 3ig2 e<*% - AiD P f) 
+~gf-\2gF_ +Pq i - gF_ +lqiq2 e<*% + 2igQ p ,_ + - 2zD p5 + gF_ +lqiq2 e q ^ p ) 

- l -g(2Q Pi+1 + n +mq2 e^ 2 p + 2n p<+1 + 2Q+, lp ) + ^ftt + ,+p = (B.125) 

To proceed, we note that the constraints <|.B.104J . §BjM). l)B.106jl . (|B.107|) . ()B.in8jl . 
(IB. 109(1 and the complex conjugates of (IB.120I1 . (IB.121I1 . (IB.122I1 . (IB. 1 2311 . (IB. 1241) . 
()B.125|) give twelve constraints on the ten types of F-flux term with a single free holomor- 
nhic index (F , ,? F , 9 9 Ft 9 F i 9 F,t 9 F n- - f qiq2 F , t- - f 9192 

r -llq 1 q 2 t P' dllU r +llqiq2 t P) ■ 

These equations do not fix these F-flux terms uniquely: five of the terms remain 
arbitrary. So, taking F_ +P9 9 , F +lpq q , F_ +lq - iq2 e qiq2 p , F_ + - lqiq2 e qiq2 P) F_n qiq2 e qiq2 p and 
F +1 i qiq2 e qiq2 p to be arbitrary, one has 

9 1 7 J - - 

F-lpq 9 — ^->P~ ~~ IjjS^l^- + ^P,l-) — lj9 (^P,q 9 + ^l,gi92 e9192 p _ ^l,pl — ^l,lp) 

- l -pg~\2iF +llm2 e q ^ p - tt hp+ + Q P)+1 ) - ^T 3 ft+, + P , (B.126) 



F t 9 = -f~ x Q + F it- - f 9152 4-7'f-Q 1 4-Q 1 — -Q - - f 9192 

- 1 — lp<J >P~ ~ — Hgi92 C J) T H i6 p,l— T "-,lp 2 ,9192 P 

If 

n ,ai52 \ i ^ „—li 



— _D- - ^ 9l92 \-L—n~ 1 ( — ')0 i — 90 9 _|_ O _ _„*:9192 
2 <?1><?2- C P/ T 2^ ^ ^ iL +,p— T p ^ ic "p,q T i 'qi,i}2l c P 

— fi^i^) - ^g- 2 (2F +lpq q - 2F +llqig2 e q ^ p + z(2ft + , lp + 2fi p , +1 

— ^+,gi92 e ' J1 ' ?2 p — ^gi,92+ e ' ?1 ' ?2 p)) 2~^ ^+.+p ' (B.127) 



3 

*+W = jr 3 fi-,p- + rV(i r -ri g - ig -2e 9 " 1 % + ^(^p,i- + ^i,P-)) 

— |/ ^^P,? 9 — ^1,9132 e?l52 p + ^l,pl + ^l,lp) + 2 (^P.+l _ ^1,P+) 

+ (B.128) 
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+ l -Q p - F_ +p( ? - F_ +Ifefc e** p , (B.129) 



F ,,--^9192 = _£f-l/2Q T — Q _ _ f 9H2 ) i P lT __f:9i92 i OF q 

1 — hlqi92 t p 2 J \^ L -,pl i '-,gi92 t p) ' 1 — hlgicj2 t p — Vpi 

+ t g -\n + ^ 2 e^ p -2n + , lp ) . (B.130) 
There are in addition seven F-independent geometric constraints: 

fi_ i+p + tt +iP _ = , (B.131) 

d P f = y/'^-.p- - ^+,p- + (B.132) 

d P g = + - n + , p _) , (B.133) 



# 2 (-fi-, P i - n pA - + - fi Pi i_) - / 2 (fi p ,+i + J2+,i P + n P ,+i + n+,i P ) = o , (B.134) 
s 2 (ft ljP _ + + ; 2 (fi p ,+i - n 1|P+ ) = , (B.135) 



9 (2^p,i— ~\~ ^gi,<?2— £ 9192 p 2f2_ j ip -|- r2__ j( j ri g 2 e^ 1 ^ 2 p) 
+/ 2 (20 hlp - Q+^e^p - fl^+e* 1 *, + 2ft p , +1 ) = , (B.136) 



2 2 (fi iiP _ + n p>1 _) + / 2 (fi p , + i - fii, p+ ) = . (B.137) 

Next, we shall investigate those equations constraining G and F flux terms with no 
free holomorphic index p (or antiholomorphic index p). There are 24 such equations: 

( EH), E3), p e g, El, (|B~2oji, dB~23i), (1b~25), ip^nji, ggp , (El, (EH) , (EH, 

(EH, EH, EH, (IB~50|1 . EH, EH, EH, dB~58|) together with the traces 
of EH, EH, EH and EH- There are ten such G-flux terms (GL+i, GL+i, 
Gi p p , Gi p p , G_ii, G + i\, G234, G234, G +P p and G_ p p ) and ten such F-flux terms (F_ +lp p , 
F-+i p p , F_n p p , F + n p p , F„i234, F_i234, F-+234, -F-+23I, F+123J, -^+1234)- The G-flux terms 
are fixed in terms of the F-flux terms and the geometry via 



GL+i = f~ 1 (-2iD-g + g{iP_+iQ._/ - n + _+)) 

+ 2zF_ +lp p - 4*F_ +2 34 - 2Q_,+i - Pi , (B.138) 
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- 2iF_ +l / - 4iF_ +234 - 2fi_ )+I - Pi , ' (B.139) 



d/ = (2iP>_<? - 4L>!/ + - + iQ_ Al - 8F_ 1234 - &-,-+ - 4ift 1;1 -)) 

- 2^/ - 6iF_ +1 / - 2fi l5 _ + + AiF_ +m - 2Q 1AI + 2fi_, +1 + P 1 , (B.140) 



d/ = f-\-2iD„g + 4Dif + g(8F_ mi + iP„-in„/ + in_ Xl +in^^ + 
+ 4^ij_)) - 4iF_ +234 - Pi - 6iF_ +I / - - 2Q TjlI 

+ 2fii _+ - 2Q_ j+ i , (B.141) 



G_n = r 1 (4P_/ + 4^_ J _)+^ 1 (4 J D^ + 22 J D 1 / + ( 7 (82F_ i 234 + 6^_ 1 i/ 

- 4fi_/ - 2Q 1;1 _ + 4 ? F_ 1234 + P_ + 21V 5 -)) + fg-\in h _ + + iP x 
+ 8F_ + 234 + ^1,11 + ifti/ - 4ifi_,+i - 4P_ +1 / 

- 2iVx - ^p- llP - 2P - 3 e™) , (B.142) 



G+n = -Vr 3 (2P_/-^_ J _)-^r 2 (-4^P_( ? + 2P 1 / + ( 7 (- ? fi_ ili 

+ 2ifti,i_ + 3ift_ _+ - 2ifi/_ + 4P_i2 34 - 4P„ i2 34 - - 3iP_)) 

+ ^/ Jl (-fi li _ + - P + 4*F_ +2 34 - + 4*F-+234 - fii'/ + 2ft_, +I 

+ 2n/j + fi Pl , P2P3 e PlP2P3 + 2fi_, +1 - 4iP_ +1 /) + ig- 1 (2iD + g + 2(4F +i2 34 

+ 2F +Il / + - 2iP + - - + 2ifg- 1 Q + , +l , (B.143) 



G 23 4 = 2z^r 2 (P_/ + 2^_ ii _) + r 1 (-2^P_( ? + ( ? (-4P„ i 234 - 2^/ 

+ 2«0 : — |- — 2if2 p p _)) — Qp ltP2 p 3 e PlP2P3 — 2Vt p p \ 

- 2Q_ :+l -AiF_ +234 , (B.144) 

G233 = -2igr\D_f + igtt^ l _) + f-\-2iD_g + g{AF_ mi + AF„ llp p 

+ 2iVt_ / - 2iVt p p _)) - 4iP_ +2 34 - 2tt p p l 

- n PuP2P3 e^-2Q_ j+1: (B.145) 
G + / = -2ig 2 r 3 (iD_f-gn_ ri _)-igr 2 (-AiD_g + 2D 1 f + g(-iQ_ ill 



-2ig 2 f-\iD-f - 9 n_ ri _) - igf- 2 (-AiD_g + 2DJ + g(-iQ_ tll 
+ 2iQ hl - + 3ift_ _+ - 2ifi/_ + 4P_i 23 4 - 4:F_ mi - - 3iP_)) 

+ - Pi + 4iP_ +2 34 - ^1,11 + 4iP_ +23 4 - ^l/ + 2fi_ i+I 
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+ + 4F +l234 - + 2F +Il / + 2*P + )) - 2ifg- 1 ^ +l , (B.146) 



G_/ = -g~ 1 (2iD 1 f + 4D_g + g(-2Q_/ - 2f2__+ + 20. n - 2^1,1- 
+ 4*F_ 1234 + 2*F_ lip p + P_ + 2fi p - p ~_)) + iP x 

- 2if2 p - p "i - ^ p - liP - 2P - 3 e p " lp " 2P " 3 ) . (B.147) 
There are also fourteen G-independent constraints 

iD + g + - + F +1 232 + ^+1234) + {(^+,+1 + = , (B.148) 



2iD_/ - g(n_ A _ + + f(-2F_ llp p - 2F_ 1234 + - 2F_ I2 3 4 ) = ,(B.149) 



D-g - |n_,_ + + fg-\-D + f - + n +>1 _ 

+fi_ !+1 + - ^-5-^+,-+ = , (B.150) 



- + 2D l9 + + fi + ,i- + 2iF_ +1 / - 4 ? F_ +234 ) 

+£- 1 (* J D + s + <?(^i,i + + - - + /V^+.+i = , (B.151) 



- £>+/ - 2^ + 3(-4F_ +233 - 2F_+i/ - + 
+ifg-\D + g + ff (n I>I+ + Q + / - fi +> _ + + + /V^+.+i = , (B.152) 



i£L/ - #fi_,i_ + fg~ 1 (-iD_g + 2£>i/ + #(ifii,i_ + + 

+ fg- 1 (2iF_ +1 / - UF_ +m + - Sl_ )+1 ) = , (B.153) 



iD-f - gVL_ i_ + ifg- l (-D_g - 2%D Y j + ^ : _ + - 

- if 2 g-\2F_ +I / + + 4F_' +234 - +i) = , (B.154) 



^l/ + ^(^1,1- - ^F-1234) + ^/^PlS + ^l/ " ^1,-+)) 

-/V 1 (^i,i+ + ^+1234) = , (B.155) 
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- \Dif + 9(^i,i- - F-1234) + \fg-\D x g - g^/ + n lf _ + )) 



/V 1 (^i,i+ + ^+i234)= 0, (B.156) 



2Di/ - 8iLL# + 2Di/ + 0(2ifi iti _ - 2ifi/_ + 4P_ xi / + 2iQ hl _ + 4F_ im 
-2iP_ + 4zft_ ) _+ + 4F_ 1234 - 2iV_) + /(4zF_ +1 / + P T - 4fi_ i+i + ft^i 

-l-O, — 90 P- — O „PlP2PS _ n ,rPlP2P3 _ 0„-p ___ _ /jO I 

+0i/ - Qi/ - fii,n + fii _ + - 8iF„ +234 - 4zF_ +I / - 2fip, p i) = , (B.157) 



f 2 P + -g 2 P. = 0, (B.158) 



l -g 2 f- 2 (iD_f - g n_ tl _) + % -g 2 f-\-2in p p - + + ifi-.n 

-4F.I534 + ii 3 - - 3ifl_/) + ^(-fi Pl , P2P3 e PlP2Ps - 2^F„ +234 + ft P p i 
+ 2«F_ + 234 - fi P , p i + + l -fg-\2iD + g + (7(-ifi + ,n 

+2ifip* + - + - zfi +) _ + + 4F +li / + 4F +I234 ) + -/V^+.+i = ,(B.159) 



- -g^f- X W- - 2F_ 1Ip p + z^V-) - ^ Vl + + ^ llP2P 3e PlP2P3 

+n PuP2P3 e^ - n p - + l -f{2F +11 / + in p ? + + = o , (B.ieo) 



-2F_ +234 + 2F.+234 + ifi-.+i)) + Y^ _1 (- fi +,n + - " P +) = 0.(B.161) 

There are ten real degrees of freedom in the F-flux terms which appear in (jB.148|) - 
flB.161|) . but only eight of them are fixed by these equations. In particular, taking the 
real parts of _F_ + 234 and .F+1234 to be arbitrary we find that: 

F- + v P p = r\\d-g + g(-\n-/ + -n_ tll --n_^ + ) 

+ \Qi - \fg-\-n + / + n +t n + 2fii,i + + 2fi 1J+ ) 

+ (F„ +234 + F_ +m ) , (B.162) 
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i^-n/ = -\gr\Sl-,i- + Sl-,i-) + \Q- 

+ - A fg-\tt +>l _ + +>I _ + 0_, +1 + 0_, +i + 2fii/ - 20 T /) 

+ ±fg-\{l +t+1 + + fg-\F +lWA + F +I234 ) , (B.163) 

F+n/ = ~Q + - ^fg-\n +t+1 + +i+I ) - (F +l2 34 + ^+1234) , (B.164) 



^-1234 = ^gr\^-,i- - 5fi_,i_) - 4/» _1 (- 2 + 6Q i/ + 7Q ->+i - 3fi -.+i 

lo 16 

+ +J _ - 20 I; / + 20 p ^ + 30 +il _ + 20 p - ^ - 2^1 - 20 PliP2P3 e p ™ 

+ 2n fciW »e*«*) - -L/V 3 (n +l+ i + 3n +>+I ) 

- i/ 2 ^- 2 (F +1 234 + i 71 + i 2 34) , (B.165) 



^-+234 - F-+234) = -SrK' " " + (B-166) 



^(^+1234 -^+1234) = 4f 3 /" 3 ( fi -.I- " + ^/"M^^i + 2 Vl 

2 lo_ _ _lb 

~ ^ iL p, 1 ^ iL p, 1 T 'pi ,P2P3 C Z,i6 Pl,P2P3 C 

+ +J _ - +il _ + 30_ i+ i - 30_ i+I - 20i/ - 20i/) 

+ ^/» _1 (n +>+ i - n+,+i) , (b.167) 

We also obtain the following constraints on the Pm terms 

f 2 P + -ff 2 P- = 0, (B.168) 



P_ = ^/- 1 (0_ )1 _ + 0_ J _)+^- 1 (-2^ + 5 (0_ i _ + + 0_/-^- P "-+^-)) 

+ \fg~ 1 {-^Pi - MPi + 2Qi + 2Qi + 2iO I;1I + +I - 5iO +J _ + 2^*1 
+ 2iQ p p i + 3iO +> i_ - 2^1,11 + 2iQ p p 1 + 2iQp/i + 9iQ- +1 ) 

- /V 2 (ni,i+ + *W + "1,1+ + V+) - £/V s (n+,+i + n +l+ i) , (b.169) 

together with the geometric constraints 

g 2 n 1 , 1 .-f 2 Q 1>1+ = 0, (B.170) 
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f\n + / + n p p + ) - g 2 (n p p . + = o , (B.171) 

f(tt iri+ + n +>1 i) - g 2 ^,!- + fi_,u) = , (B.172) 



+ i/V 2 (^ + , + i + ^ + , + i)=0, (B.173) 

5+/ = -^/- 1 (-29_ 5 + <7fi_,_ + ) - , (B.174) 

= "^-,-+/ > (B.175) 

dif = \g 2 r^-,i- + i/(n_,+i - n lt _+) , (B.176) 

d+g = l^+,~+9 , (B.177) 

d l9 = ~g(n+,i- - ni,_+) - i/V^+.+i , (B.178) 

/ 2 g+ - = 2/(/(n+,i_ + , (B.179) 

This completes our analysis. The conditions on the geometry are summarized in 
section two. 



C Killing spinor equations for maximally supersym- 
metric Spin(7) K M 8 -backgrounds 

C.l A linear system 

In this appendix, we give the details of the derivation of the conditions on the geometry 
and the fluxes implied by the Killing spinor equations for maximally supersymmetric 
Spin(7) x M 8 -backgrounds. These conditions have already been summarized in section 
four. The linear system derived from the Killing spinor equations of IIB supergravity 
associated with the maximally supersymmetric Spin(7) x M 8 -backgrounds can be easily 
derived using the results of [I], (|3.7|) and the properties of the spinors in appendix A. In 
fact, one can easily derive the conditions below from the results of without any further 
computation. We can simplify this linear system by using the self-duality condition of 
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the five-form field strength Fm 1 ...m & — ~^Mi...m 5 Nx '" Ns F Nl _ Nh . This condition written 
in SU(5) representations relates the components of F as 



1 



OL\OL2<^3<^i0 

F - - 

rp 
TP 

^+0102^3/3 
TP _ _ 

r +0i0 2 aia 2 
F 

F s 

— 010203/j 

TP _ _ 

-/?i/320i02 



— e 



OlQ20304 fc /3 



_ 7i 7273 



71 

: ai0203 e /3i/32 



7273 



-+717273 ' 



-+717273 ' 



, 



_p -010203 p 7 TP 

g 18 fc aia2a3 r +0102031 ' 



1 



^ t /9i/32 L aia2 



, 7172 C 1 _ _ 
' ' ' ' < x +71720102 5 



-01020Z0A J 



C 0102030A JP_ 



£010203^4^ 

1 _/3i/32/3 3 . 



6 
1 

4 f 



<5i& 
0102 t -ai«2 



e 7172 TP _ _ 



(C.l) 



where 7 = 1,...,5 and e is the standard S'?7(5)-invariant (5,0)-form. The above 
relations imply the following conditions 



-^010203^ 

jp _ 5 

F / 7 

- 1 op 7 
^+a0S 

771 Q!1Q!2Q!3 

1 +ai02 03[/3 7] 

771 a /3 
-^+a /3 



* — 1-010203 J 



haiQ!2/3 



25 , /3[ai-^Q2]-+<5^ 



, 
. 
. 



(C.2) 



As the self-duality conditions above and the case of backgrounds with one Spin(7) x 
M 8 -invariant spinor investigated in the linear system is written after decomposing the 
fluxes and geometry in SU(5) representation. We shall demonstrate that the solution 
of the linear system can be rewritten in terms of Spin(7) x R 8 representations as one 
may have been expected because the structure group of the spacetime reduces from 
Spin(9, 1) x U(l) to Spin(7) x M. 8 . The algebraic Killing spinor equations give 



P- a = , G. +Bl + Gs/ + ^ M G Pl p 2 p 3 = , 



(C.3) 



Pa — , G — (_ a — G^ 13 + — e a 



010203 



G 



010203 



(C.4) 



P+ = , G + « = 



(C.5) 



and 
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G+a[3 ~ 2 e af & G +1 8 — . (C.6) 

Next we turn into the Killing spinor equation associated with the supercovariant 
derivative (|2.1jl . In particular the conditions arise from the T> a component of the super- 
covariant derivative are 



(C.7) 



-\{r l D a f)u + (r 1 J D„/) 22 + i{r l D a f)x2 - i(/- x i> a /) 21 ] + ~q q / 

+-n a ,-+ + iF a .+/ = , 



+-G a p 13 + -G a -+ = , (C. 



(C.9) 



Ca/3i/3 2 — 2^ ct7172e7l72 ' Sl ' 82 ~~ ^ ' (CIO) 



i[(/ _1 i?a/)u + (r x D<JU + i(r l D a f)i2 - i(r l D a f) 21 ) 

+ \na,-+ - \^ M F- + hhh = , (Cll) 



-\GJ + ~GW = , (C.12) 



^ + ^ 7 7 =0, (C.13) 



G Q+/ 3 = , (C.14) 



iFa+pifofo + 2^ Q '+T e7 ft/32ft _ (C.15) 



53 



and 

G a+1 = . (C.16) 
The conditions arise from the X> a component of the supercovariant derivative are 

^[(/ _1 D a /)ii + (/~ 1 ^/)22 + Hf^Dsfiu - Kf-'D^fU 
1 1 % 

+ -^a,/3 + -&a-+ — 2ea 7l7273 F_ +7l7273 = , (C.17) 



+^G a / + ^ a _ + = 0, (C.18) 



^a,/3i/3 2 _ [^".TiTZ + ^a-+7i72 + ^a[ 7 i -^72]-+<5 5 ] e7172 /3 1 /3 2 ~ 5 (C.19) 



Gafafo ~~ 2 ( ^' 5tl T2 e7172 ft* ~~ , (C.20) 



— ~^a,7 7 + 0^°' — h _ — 1-77 = ^ ' (^-21) 



"^ a7 7 + ^G a _ + = , (C.22) 



^a,+/3 ~ 2-^5+7i 7 273 e7l7273 /3 ~ > (C.23) 



and 



G a+/ ^ = , (C.24) 



fi a>+7 -iF a+7 / = ■ (C- 25 ) 



Similarly, the conditions arise from the £>_ component of the supercovariant deriva- 
tive are 



54 



^[(r i D_f) 11 + (r i D_f) 22 + i(r i D_f) 12 - i(r i D_f) 21 \ 

+ ^-,- + + ^-tV + ^^- 71727 37 4 ^ 71727374 = , (C26) 



(r 1 ^-/)!! - (r 1 J D-/) 22 + itf-^-fu + i(r 1 £>a/) 2 i + = o , (c.27) 



1 i 

fi -,/9i/92 + iF -Mii ~ [^^-.ti^ ~~ 2 F -~M2& Y 1112 M2 = ) (C.28) 



G-frih ~~ 2^-7i72 f7l72 ftft — > (C.29) 



^[(r 1 ^/)!! + (r l D_f) 22 + i{r l D-f) l2 - i(r i D_f) 21 \ 

+ ^-,- + + ^V/ + ^F--^^^ = . (C30) 



(r 1 ^-/)!! - (r 1 £>-/) 2 2 + i{r l D-f) l2 + iif-'D^fu - \gs = , (C.31) 



|n_ >+/ g + - -F_ +7l7273 e™^ = o > (a32) 



= , (C.33) 
iF_ +/W 3 + [ V, +7 - iF_ V]c 7 ftAA = , (C34) 

and 

G_ +7 = . (C.35) 
Finally, the conditions arise from the T> + component of the supercovariant derivative 

are 



^[(r^+iOn + {r l D + f) 22 + iU- l D + f) 12 - i (f- 1 D + f) 21 ] 
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+ in +> _ + = o , (c.36) 



(f-'D+fin - (/- 1 J D + /) 22 + i(f~ 1 J D+/)i2 + iir'D^fU + = , (C.37) 



^+,/3i/3 2 ~~ 2^ + ' 7l72e7l72 ' 8l / 3 2 ~~ ' (C.38) 



^[(r^+iOn + (/- i j d + /) 22 + iir'D+f)^ - lU^D+fu 

+ = , (C.39) 



(f-'D+fin ~ if' *D + f) 22 + ^(f- 1 D + f) 12 + i^D^ - l -G + ^ = , (C.40) 



and 



fi +>+Q = ft +i+cS = . (C.41) 

The above equations are all the restrictions that the Killing spinor equations put on 
the fluxes and geometry of maximally supersymmetric Spin(7) k M 8 -backgrounds. As 
we shall see, the linear system can be easily solved to express some of the fluxes in terms 
of the geometry of spacetime. 

C.2 The solution of the linear system 

The solution of the linear system given in the previous section is straightforward, so we 
shall not elaborate. Since the linear system factorizes in equations for G, P and Q, F we 
shall solve the two sets of equations separately. 

It is straightforward to observe that the equations for P, G imply that all the com- 
ponents of P and G vanish apart from P_ and G_ Q( g, G_ Q/ 3 and G_ 5 ,p which in addition 
satisfy the relations 



G-c? — , G_ ai 3 — 2 e a/3 75 C-75 ■ (C.42) 



The component P_ is unconstrained. The conditions on G imply that G-ab takes values 
in the Lie algebra spin{7)®C In addition to these conditions on the fluxes, the functions 
that determine the spinors are constrained as 

(f- l d A f )n - (r 1 ^/) 22 = {r l dAf)i2 + (r'dAfhi = , A = -,+,a,a (C.43) 
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To solve of remaining equations of the linear system we first consider the equations 
derived from T> + component of the supercovariant connection. After some straightfor- 
ward analysis, we find that these imply 

^+,+q — , ^ iQ ° = , 

(f- l d + f)n + (f- 1 d + f) 22 + n^ + = 
(/ _1 9+/)i2 - (/- 1 9 + /) 2 i - Q + = . (C.44) 

Next we turn to the conditions derived from T>_ component of the supercovariant con- 
nection and after a similar analysis, we find that 

x 1 

F F _l e 7l7273_ _ Q 

— had ^ — h7i7273 c a w 

P _ <5l<52<53<54 p QlQ!2Q!3Q!4 n 

P <5 _i_ j^, /3l/?2 p _ _ 5 n 

- r -ai«2<5 ~r 2 a i"2 -ft/325 u ) 

(r 1 9_/) 11 + (r 1 9_/) 22 +Q_,_ + = o 

(/ _1 9-/)i2 - (r 1 9_/) 2 i - Q- + ^F_ 7 V + ^-a^cW" 1 " 2 " 3 " 4 = • (C.45) 

Similarly, we investigate the conditions that arise from the V a and V & components of 
the supercovariant derivative. We find that 

^a.ftft - 2-e/3i/32 7172 ^a,7l72 = 

Fafafofofa — ? F_ + p 1 p 2 p 3 = , F +a p 5 5 = , 

fia/ = 

(/ _1 9a/)ll + (r 1 ^a/)22 + fi a ,-+ = 

{f- l d a f) 12 - (f-'dJU - Q a = . (C.46) 

The conditions on the geometry and the fluxes are summarized in section four. In the 
same section, the geometry of the spacetime of maximally supersymmetric Spin(7) x M 8 - 
backgrounds is also investigated. 



D Maximally supersymmetric 577(4) K M-backgrounds 
D.l A linear system 

In this appendix, we give the details of the derivation of the conditions on the geometry 
and the fluxes implied by the Killing spinor equations for maximally supersymmetric 
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SU(4) x R 8 -backgrounds. These conditions have already been summarized in section 
five. The linear system can be easily derived using (jH.K)j) . the results of jl] and appendix 
A. In particular, the algebraic part of the Killing spinor equations in (jH.lOj) can be 
rewritten as 

p A r A i = o, p A r A e 12U = o (D.i) 

and 

G AlA2A3 T MMA n = 0, G AlA2A3 T A ^ A3 e 12U = . (D.2) 

To investigate the rest of the Killing spinor equations, it is most convenient to define 
the one-forms 



X 1 = 




+ (f- 1 Df) 33 + i (f- 1 Df) 13 




X 2 = 




+ (r 1 Dfu+t(r l Df) u 


- i (f- 1 Df) 32 


X 3 = 




+ {f- 1 Df) i3 + i{f- l Df) 23 




X 4 = 




+ {r 1 Df) AA +i{r l Dfu 


-^(^ 1 Df) 42 


X 5 = 
X 6 = 
X 7 = 
X 8 = 


(r'Dfhi - 
(r 1 ^/)^ - 

{f- l Df) 2l - 
{f- l Df) 22 - 


(f- 1 Df) 33 + z(f- 1 Df) 13 + 
(f- 1 Df) u + i (f- 1 Df) u + 
if •/;/).;:, • Hf l Df) 23 ■ 
{f- 1 DfU + iU~ l Df) 24 + 


i(r l Df) u , 
iW'Dfh, , 

i{r l DfU , 



which are constructed by taking the D derivative on the functions /. 
The remaining equations of (|3.1Uj) can be rewritten as 



and 



(D.3) 



I(X X - X 4 + tX 3 + iX 2 ) M 1 + I(X X + X 4 + iX 3 - iX 2 ) M e l2U 

, 1q V AB i * r B 1 B 2 B 3 B 4 p _ _ n 

T-SiMAfii ei234 + -JS ^MBiB 2 B 3 B 4 — U , 

4 4o 

i(X 5 - X 8 + iX 7 + tX 6 ) M l + i(X 5 + X 8 + iX 1 - iX 6 ) M e 1234 

+ \g mab T ab e 12U = 0, (D.4) 



1 (X 1 - X 4 - iX 2 - iX 3 ) M e 1234 + \(X l + X 4 + iX 2 - iX 3 ) M 1 

+~ A Sl MAB T AB 1 + ^-T B ^ B ^F MBlBM 1 = 

4 4o 
^(X 5 - X 8 - *X 6 - zX 7 ) M e 1234 + ^(X 5 + X s + *X 6 - zX 7 ) 1 

+ \G MAB T AB 1 = 0. (D.5) 
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Rewriting the equations in this way allows for an extremely simple comparison with 
the Killing spinor equations evaluated on pure spinors, which have been already been 
computed in j3]. However, one must be careful to include the X-terms which are not 
present in the pure spinor case. 

D.2 The solution of the linear system 

The solution of the algebraic Killing spinor equations, (jD.lj) . is 

P+ = 0, P Q = 0, P« = (D.6) 
and P_ is unconstrained. From (jD.2|) . we also find that 







= o, 






= o, 






= o, 




a>ia>2a3 


= o, 




^ a.\ 3 


= o, 




r 1 3 

fa ~ 


= o, 


G_. 


fa + Go/ 


= . 



Next consider the G dependent parts of ()D.4j) and ()D.4j) . In particular, the a com- 
ponents of these equations imply the conditions 



(X 5 - X 8 + iX 7 + iX 6 ) a = 

(X 5 + X 8 + iX 7 — iX 6 ) a — G a p^ + G — |_ a = 

G+a/3 — 

(X 5 + X 8 + tX 6 - iX r ) a + G Q / + G_ +Q = 

Gahfa = 

(X 5 - X 8 - iX 6 - iX 7 ) a = 



G +a? = 0. (D.8) 



Similarly, for the a components, we find 



(X 5 - X 8 + iX 7 + iX 6 ) a = , 

Gafiifo = ) 

(X 5 + X 8 + iX 7 - iX Q ) a - G a / + G. +a = , 

G+a/3 = , 

(X 5 + X 8 + iX G - iX 7 ) a + G^ 13 + G„ +a = , 

n_ — n 

(X 5 - X s - iX e - iX 7 ) a = , 

G +aia2 = 0. (D.9) 



The — components, we find the conditions 
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(A — A 


+ zA + zA J_ 
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^A + A + I A — 


(jr — 7172 
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2A J_ — (-J-/3 


— U 






= 


(X 5 + X 8 + iX 6 - 


*X 7 )_ + G_/ 
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(X 5 - X 8 


- zX 6 - zX 7 )_ 


= 






= 



(D.10) 



and from the + components, we obtain 



(X 5 -X 8 + iX 7 + iX 6 ) + = 



(X 5 + X 8 + iX 1 - tX G ) + - G + / = 
(X 5 + X 8 + iX 6 -iX 7 )+ + G+/ = 



'7\ 



(X 5 - X 8 - iX b - iX 7 ) + = 0. (D.ll) 



Combining these equations with (|D.7|) . we see that all components of G vanish, except 
for G_ a @, the trace satisfies 

G-f = 2i((/- 1 0_/) 21 - {r l d-fU + Kf^d-f)™ + i{r l d-f)Ai) , (D.12) 
and the following conditions on /: 



{r l d A f)u 
(r 1 ^/)i3+(r 1 ^/) 3 i 

{r l d A f)i2 
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(/- 1 ^/) 22 
(r 1 ^/) 2 4 + (r 1 ^/)42 
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ir l d A f)u , 
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(D.13) 



for A = +, a, a, and 
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= o, 
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+ cr 
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+ cr 




-/)sa 
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(D.14) 
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We next consider the F- dependent parts of the Killing spinor equation. From a 
component, we obtain 



(X 1 - X 4 + iX 3 + iX 2 ) a 

(x 1 + x 4 + ix 3 - ix 2 ) a - n a / + fi Q ,_+ 



01,0203 



(x 1 + x 4 + ix 2 - ix 3 ) a + n a / + q q ,_+ + 2F_ + J 



&aAh + 2tF -+aj3 1 j3 2 ~ 2 ^7a[/3 1 -^3 2 ]-+ 7 7 

(X 1 - X 4 - *X 2 - iX 3 ) a - jeJ^F_ +0l 

n n .^ + iF t 



+/3if3 2 (3 3 



Similarly, from the a component, we find 



2i 



(X 1 - X 4 + tX 3 + iX% - -e/ lftft F_ +Aftft 
(X 1 + X 4 + tX 3 - *X 2 ) a - n s / + Qa,-+ - 2iF_ +a / 

Fa+/3i/3 2 /3 3 

(X 1 + X 4 + iX 2 - iX% + + fi a ,-+ 

(X 1 - X 4 - *X 2 - iX 3 )^ 

Next from the — component, we obtain 
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0, 
0, 
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o, 
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(D.15) 



(D.16) 



(X 1 - X 4 + iX 3 + *X 2 )_ + -F„ aia2(W 

6 



«ia2"3 a 4 



(x 1 + x 4 + ix 3 - ix 2 )_ - n_/ + + 1 -f_/s 
(x 1 + x 4 + ix 2 - ?x 3 )_ + n_/ + + 

(X 1 - X 4 - .X 2 - ,X 3 )_ + 1 F _ Ws ^« 4 



o , +n //•• 





















(D.17) 



and from the + component, we find 



(X 1 - X 4 + iX 3 + iX 2 ) + = , 
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(x 1 + x 4 + ix 3 - %x 2 ) + - n + / + = o , 

Q+,+a = , 

(X 1 + X 4 + iX 2 -iX 3 ) + + Q + / + = 0, 

(X 1 - X 4 - iX 2 - iX 3 ) + = 0. (D.18) 

Next we turn our attention to the X-independent parts of the Killing spinor equations 
to obtain 



on the flux F, and 



F+a$xfcfa = 

F_ +/3li a 2/ g 3 = 



F-fcn-S 1 — 



F_ +M = 0, (D.19) 



(D.20) 



on the geometry of spacetime. 

Lastly, we consider the remaining equations, together with (ID. 13)1 and (jD.13|) . From 
the +, a and a components, we find 



{r l d A f)n = (/- 1 9a/) 22 = (r 1 9 A /)33 = {F'dAfU , 
(f-'dAfhs = {r l d A f)z2 = (r'dAfU = (r'dAfhi = , 

{r l d A f)i2 = -{r l d A f) 2 i = {r l d A fu = -cr 1 ^/^ , 

{r l d A f)i3 = -{r x d A f) 3 i = {r l d A f) 2A = -(r 1 ^/)^ , (D.21) 



(r 1 d A f)u + ^A,-+ = 
2(rt/)i3-Qi = 

Hf'^AfU - «V = (D.22) 
for A = +, a, a. From the — component, we obtain 

(f^d-fhl = (r 1 9_/) 22 = (/ <> /):;:, = (/"'ft-/)* , (D.23) 
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and 

for i, j = 1, 2, 3, 4 and i 7^ j, together with the constraints 

(r^-/)u + in_,_ + = 

(r'd-fhs + cr l 9-fu - Q- + 5^-7 V = 0, 

i((r l a_/) 21 + (r i a_/) 43 )-^-/ = 0, (D.25) 

and 



_L /? oio 2 o 3 04\ n 

~r -qi 02030:4 ^ / ^5 

(T^-fiu - (/- 1 a_/) 32 - ^(^ Ql a 2 «3« 4 e aiQ2Q3a4 

-^a.^e" 1 " 2 " 3 " 4 ) = 0. (D.26) 

The conditions on the geometry and fluxes derived in this appendix are summarized in 
section five. In this section, the geometry of maximally supersymmetric SU(4) x R 8 
backgrounds is also investigated. 

E Maximally supersymmetric (^-backgrounds 
E.l Simplifying the Linear System 

As in the previous cases, in this appendix, we shall give the detail derivation of the 
conditions for the fluxes and geometry for maximally supersymmetric (^-backgrounds. 
A summary of these conditions has already appeared in section six. In order to find the 
solution of the Killing spinor equations of the maximally supersymmetric G2 backgrounds 
in the most efficient manner, it is convenient to deal with the Killing spinor equations 
given in (|3.1U|) in a particular order. First, from the algebraic Killing spinor equations 

p A r A Vl = , p A r% = , (E.i) 

we find that 

P = , (E.2) 

i.e. the P flux vanishes and the scalars are constant. 

Next consider the algebraic Killing spinor equations involving G. In particular, from 

Gn 1 n 2 n 3 ^ NiN2N3 Vi = > G N 1 N 2 N 3 ^ NlN2Ns 'ri2 = , (E-3) 

we find 

G — \-p + Gp q q + G\ip — €p qiq2 Gi qi q 2 = , 
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G- 
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G — (_i + Gi q q + 2G234 
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"Hp c p "lgi</2 


= , 


G (-1 — Gig 9 + 2G234 
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G +q q + G + ii 
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= (J , 


"+lp 2 P ^+9l92 


— n 
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,9192/1 
"pi— 2 P "—9192 


= , 


n 1 n - 

— g — _L 1 


= , 






"pi- 2 P ^-9192 


= , 


+ l — Gig 9 + 2^234 


= , 


G_+i + Gig + 2G234 


= , 


G pg 9 — Gpii + G_ +p 


= , 


/"f 1 ,9l92/~Y_ 

" — hp 1 fc p "lgig2 


= . 



(E.4) 



These complete the list of conditions on G required by the algebraic Killing spinor 
equations. 

Next consider the equations 



X 5 MVl + X\ IV2 + -T N ^G MNlN2Vl 
X 7 MVl + X S MV2 + \t n ^Gm Ni n 2 V2 








(E.5) 



where we have found it useful to use the notation given in (|D.3|) . Contracting with V 
and using (|K.3J) . we obtain 



M 



x 5 p 


= x 5 p 


= 


X p 


— X p 


= 


x l p 


= X p 


= 


X p 


= x 8 p 


= 



(E.6) 



and 



Hence, from (|K.6|) . we must have 



x\ 


= x\ 


x\ 


= x\ 


x\ 


= x 7 i 


x\ 


= x\ 



(E.7) 



r -pViA^ 
< ^pN 1 N 2 L Vl ~ 


= 0, 


(~i pViAf 2T1 
< ^pN 1 N 2 i Vl ~ 


= 0, 


r v N^N 2rn 
(JpN 1 N 2 i - V2 ~ 


= 0, 


(jpN 1 N 2 '- V2 ~ 


= 0, 



which imply the conditions 



(E.8) 
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G_ 



+p 
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and 
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(E.9) 
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Then, taking (jK.4j) together with (jK.9|) and (|K.10j) . it is straightforward to show that 
all components of G are constrained to vanish, with the exception of G_ + i, G_ + i, Gi P q, 
Gipq, G234, G234 which are related via 



Glpq 


= 5 , pgG 2 34 , 


Glpq 


= ~9pqG23A 


G234 


— G234 , 


G — 1_1 


= G234 , 


G- + 1 


= G234 • 



(E.ll) 
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These components also vanish. To see this take (jE.7|) . which implies that 

{G1N1N2 — Ci7v 1 Ar 2 )r AriAr2 ?7i = , (E.12) 

which in turn gives 

<V = Gi q q > (E.13) 

and hence all components of G vanish. Then, from the vanishing of X 5 , X 6 , X 7 and X 8 , 
it follows that f~ x Df is constrained via 

'lilf) 44 , 



-lj 



MJ J43 , 

(E.14) 

Next consider the portions of ()3.10|) which depend on the spin connection and the 
flux F. It will turn out to be most convenient to consider first those components which 
do not have any dependence on /, i.e. to exclude the 1, ei234, e$i and 65234 components. 
Then from the + component, we obtain 

2iF — hlgi92 e 9i92 (^+,r- 
—2iF — \-lq iq2 + £qiq 2 ( — ^+,f- 

O -, — iW , - r — fr-l 11 ! 2 

J L +,pl L± +lpr c p 

— ^+,pi — iF+lp/ + e p 9l92 (o^+.5i92 — ^+115192) = • (E.15) 
The — component implies that 
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9m f)32 
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9m J )4i 


= . 
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(E.16) 



The 1 component implies that 

^1,9192 — ^1,1^9192 + ^F_ + ig 1 g 2 



66 



iF_ 



Us 



9192 - iF^„ q + iF. 



n 



in 

2 



1,P- 



_ 9 
-+P9 



+llp 

9192 



+p 



-lgi92 ( 



c 9l92 . 



fii.+p + iF. 



^1,9192 

and the 1 component implies that 



,+p 

s r _ 
-+rs e q x q 2 



91 92 



+ 119192 6 

VP - <r r _ _ 
t - £ — hllr c <Ji<J2 



(E.17) 



ip 



iF. 



+ps 



+ iF_ 



+Up 



2^1,9192* 



9192 



iF. 



ligi92 e 



91 92 



9192 



-iF. 



+19192 



r 9l92 



tt ItP _ + iF. 
^i,+P — iF+il qi q 2 e 



lps 
9192 _ 



"^1,9192 + ^Hl e ^9i92 ~ iF- 



+£s fc 91 92 



iF 



+lW fc 9192 



pi 



2^1>9192 ( 



9192 



+ I<?l92 f 



r 9l92 















From the above equations, it is straightforward but tedious to show that 



(E.18) 
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Now consider the p and p components (again setting aside the 1, ei 2 34, e 5 i and e 52 34 
components for the moment). On using (|E.19|) there is some simplification. In particular, 
from the p component, we find 



^P>9l92 ^iF — \-pq1q2 ^p,lt£ 

-2iF_ 



-1P9192 



^p,lq ~i~ iF—^.l r CJpq HF^^ipq 
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rir2 



^p,q— iF~ 
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lWpq + 2iF_ iipi 

p.+q + ^-f+llr ^pg — iF—xlpq 
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^p,ql t ^iF—J r \pq J riF_j r \ r Qpq rS^P,r\T2^ q 



W - — — O <^ r - 

^+1^9192 2 P'+ r 9192 

^p,gi92 2iF — i-p^gj fip^je q ig - 2 



(E.20) 



and from the p component, we obtain 



67 



^p,lq iF- — hlr 9pq ^^—+lpq ~t~ 2^Pi r i r 2^ 1 ^ , 

^p,q- + iF-r ' \\9pq + ^F-llpq = , 

9192 — ^P,9l<32 — 2&.F! — hpgi92 = ) 

<Ji<J2 ^F-lp qi q 2 — , 

<?i<?2 2i.F!flpg 1 q 2 = , 

2^p/i e 9192 — ^^P' 9192 ^ — ^Piiqz ~ J 

1 2 

2^p,nf 2 erir2 9 — ^p,gi + ^F-+lpq + iF-+lr r 9pq = 0. (E.21) 

It is straightforward to show that (jE.20j) and (jE.21j) imply that all components of F 
vanish, with the exception of F_ +234 , -F + i 234 and -F_i 234 and their complex conjugates, 
together with those components related to these terms by the duality of F. These 
components have yet to be constrained. 

To proceed, note that the difference of the 1 and ei 2 34, and the e 5 i and e 5234 compo- 
nents in the F-dependent portions of (|3.1Uj) does not contain any f~ l Df dependence. 
Consider these differences which arise in the 1 and 1 components of these equations. 
From the 1 component, we find 



~~ ^1,1- 
^i,+i ~~ ^i.+i 

fix/ - - 2iF_ +234 = 0, (E.22) 
and from the 1 component, we obtain 

^l,p P + ^I,ii 

— ^i,+i 

^i/ - fii,n + 2^F_ +2 34 = . (E.23) 

These equations are sufficient to imply that F_ +234 , -F + i 234 and -F„i 234 vanish. Hence 
the F-flux also vanishes. It is then straightforward to read off the constraints on the 
spin connection obtained from the above reasoning, together with the remaining +, — , 
p and p components of the differences between the 1 and e i23 4, and the e 5 i and e 5234 
components. This exhausts all of the content of the f~ x D /-independent part of the 
Killing spinor equation. In particular, we find 

^M,lq ~ 2^^i f i f 2 e 1 % = ' 

^M,lq + 2^ M .n^2 enr2 q = , 
&M,+q — , 



+ 2iF_ +m 


= o, 


- 2zF_ 1234 
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+ 2i-F + i 234 
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- 2zF_ +234 


= o, 


- 2zF_ +234 


= o, 


+ 2iF_!234 


= o, 


— 2iF + j 234 


= o, 


+ 2iF_ +234 


= . 
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&M-q = , 
^M,q 9 = , 
^M,ll = , 

Hm.+i - Ojif.+I = 0, (E.24) 

for M = +, — , l,I,p, p. Lastly, we examine the 1 and components of the Killing 
spinor equation ()3.10|) in order to obtain the full set of constraints on f~ x Df. We find 

(r^Mfhi = {r^Mfu = -{r x d M f)22 = -{r l d M fu , 

(f-'dMfhs = (/- 1 9 M /) 3 2 = {r l d M f)u = {r l d M fW = , (E.25) 

and 

(/ /) 12 = (/ 9m})u = &M,+1 ) 

(f^dufhi = (/- 1 «9m/) 43 = , ( E - 26 ) 

and 

(/" 1 9m/)ii + ^,- + = 0, 

2(r 1 d M f)i3-QM = (E.27) 

for M = +, — , 1, l,p,p. The conditions on the fluxes and geometry are summarized in 
section six. Despite the complexity of analyzing the Killing spinor equations, it turns 
out that the spacetime in this case is a product of a three-dimensional Minkowski space 
and a G2 holonomy manifold. This may have been expected because the Killing spinor 
equations imply that the fluxes vanish. 



References 

[1] J. Figueroa-O' Far rill and G. Papadopoulos, "Maximally super symmetric solutions 
of ten-dimensional and eleven-dimensional supergravities," JHEP 0303 (2003) 048: 
|arXiv:hep-th/02lT089] . 

"Pluecker-type relations for orthogonal planes," arXiv:math.ag/0211170 . 

[2] J. H. Schwarz, "Covariant Field Equations Of Chiral N=2 D = 10 Supergravity," Nucl. 
Phys. B 226 (1983) 269. 

[3] M. Blau, J. Figueroa-0 'Far rill, C. Hull and G. Papadopoulos, "A new maximally 
super symmetric background of IIB superstring theory," JHEP 0201 (2002) 047 
|arXiv:hep-th/0110242] . 

"Penrose limits and maximal supersymmetry," Class. Quant. Grav. 19 (2002) L87 
|arXiv:hep-th/020i08T1 . 

[4] U. Gran, J. Gutowski and G. Papadopoulos, "The spinorial geometry of super symmetric 
IIB backgrounds," arXiv:hep-th/0501177 



69 



J. Gillard, U. Gran and G. Papadopoulos, "The spinorial geometry of super symmetric 



backgrounds," arXiv:hep-th/0410155 . 



E. J. Hackett-Jones and D. J. Smith, "Type IIB Killing spinors and calibrations," JHEP 



0411 (2004) 029 |arXiv:hep- th/0405098 . 

M. Fernandez, A. Gray, "Riemannian manifolds with structure group G2" , Ann. Mat. 
Pura Appl(4) 32 (1982), 19-45. 1. 

T. Friedrich and S. Ivanov, "Killing spinor equations in dimension 7 and geometry of 
intergrable G 2 -manifolds," J. Geom. Phys. 48 (2003), 1-11, |math.DG/0112201| . 

S. Chiossi and S. Salamon, "The intrinsic torsion of SU(3) and G2 structures", Diff. 
Geom., Valencia 2001, World Sci. 2002, 115 arXiv:math.DG /0202282|. 

R. Penrose, "Any spacetime has a plane wave as a limit," Differential Geometry and 
Relativity, 271-275, Riedel Dordrecht, (1976). 

J. H. Schwarz and P. C. West, "Symmetries And Transformations Of Chiral N=2 D = 10 
Supergravity," Phys. Lett. B 126 (1983) 301. 

K. Becker and L. S. Tseng, "A note on fluxes in six-dimensional string theory back- 
grounds," |arXiv:hep-th/0410283 



P. S. Howe and P. C. West, "The Complete N=2, D = 10 Supergravity," Nucl. Phys. B 
238 (1984) 181. 

A. Gray and L.M. Hervella, "The sixteen classes of almost Hermitian manifolds and their 
linear invariants", Ann. Mat. Pura e Appl. 282 (1980) 1. 

A. Moroianu and U. Semmelmann, "Parallel spinors and holonomy group," 
|math.DG /9903062 

B. Mclnnes, Spin holonomy of Einstein manifolds, Commun. Math. Phys. 203 (1999) 
349-364. 

M. Blau, J. Figueroa-O'Farrill and G. Papadopoulos, "Penrose limits, supergravity and 
brane dynamics," Class. Quant. Grav. 19 (2002) 4753 |arXiv:hep-th/0202111| . 

M. Blau, M. Borunda, M. O'Loughlin and G. Papadopoulos, "Penrose limits and spacetime 
singularities," Class. Quant. Grav. 21 (2004) L43 |arXiv:hep-th/0312029| . 

C. Patricot, "Kaigorodov spaces and their Penrose limits," Class. Quant. Grav. 20 (2003) 
2087 || arXiv:hep-t h/0302073 . 

I. R. Klebanov and M. J. Strassler, "Supergravity and a confining gauge theory: Du- 
ality cascades and chiSB-resolution of naked singularities," JHEP 0008 (2000) 052 
|arXiv:hep-th/0007191| . 

A. H. Chamseddine and M. S. Volkov, "Non-Abelian BPS monopoles in N = 4 gauged 



supergravity," Phys. Rev. Lett. 79 (1997) 3343 arXiv:hep-th/9707176 . 



J. M. Maldacena and C. Nunez, "Towards the large N limit of pure N = 1 super Yang 



Mills," Phys. Rev. Lett. 86 (2001) 588 |arXiv:hep-th/ 0008001 . 

G. Papadopoulos and A. A. Tseytlin, "Complex geometry of conifolds and 5-brane 
wrapped on 2-sphere," Class. Quant. Grav. 18 (2001) 1333 |arXiv:hep-th/0012034| . 



70 



[23] M. Grana, R. Minasian, M. Petrini and A. Tomasiello, "Supersymmetric backgrounds 
from generalized Calabi-Yau manifolds," JHEP 0408 (2004) 046 |arXiv:hep-th"70 406137 . 

A. Butti, M. Grana, R. Minasian, M. Petrini and A. Zaffaroni, "The baryonic branch of 
Klebanov-Strassler solution: A supersymmetric family of SU(3) structure backgrounds," 
|arXiv:hep-th/0412187l 

[24] K. Behrndt, M. Cvetic and P. Gao, "General type IIB fluxes with SU(3) structures," 
|arXiv:hep-th/0502154l 

[25] C. N. Gowdigere and N. P. Warner, "Holographic Coulomb Branch Flows with N=l 
Supersymmetry," arXiv:hep-th/0505019 . 

[26] McKenzie Y. Wang, "Parallel spinors and parallel forms", Ann. Global Anal Geom. Vol 
7, No 1 (1989), 59. 

[27] H. Blaine Lawson and Marie-Louise Michelsohn, "Spin geometry," Princeton University 
Press (1989). 

[28] F. R. Harvey, "Spinors and Calibrations," Academic Press, London (1990). 



71 



